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Stereoscopy in four dimensions.* 


BY 
е 


£ Q. H. BRYAN. 


The possibility of representing four-dimensional figures in a 
stereoscopic diagram depends on a principle different from that which is 
somewhat imperfectly explained by Dr. Mukhopadhyaya in a paper, 
entitled “A note on the stereoscopic representation of four-dimen- 
sional space" (Bulletin of the Calcutta Mathematical Society, Vol. 4.) 


1. In an ordinary pair of stereoscopic pictures, near points are 
displaced to the left in the right-hand picture and to the 
right in the left-hand picture as compared with more distant 
ones. But it is also possible to construct diagrams in which the 
same point is represented a little higher or lower in one picture than 
the other. When seen with the two eyes, a kind of relief is produced 
depending on the different vertical displacements of different points 
and this relief represents a difference independent of the ordinary three 

‘dimensions of space. But, in order to visualise such a diagram, it is 
desirable that the two pictures should be simultaneously rotated во that 
the vertical displacement becomes horizontal after they have turned 
through 90°. Тһе third and fourth dimensions will thus become 
interchanged. The rotation in the plane-of the diagrams will therefore 
be accompanied by a rotation, in the plane containing the normal to the 
figures, and a fourth dimension of a space in which these figures are 
supposed to exist. 

2. My method aims at visualising a stereoscopic figure in all its 
dimensions and, unlike Dr. Mukhopadhyaya’s, it only makes use of the 
principle of binocular vision. : 


The principle involved is illustrated by the following diagrams :—~ 
Left Hand l Right Hand 
A B А В 


In the above diagrams, which represent the principle of an ordinary 
stereoscopic shell, it will be seen that the A’s of the left and right hand 
diagrams are further apart than the B's: the result is, that when 








* This paper was communicated in two instalments. The first instalment consisted 
of the introduction and Art 1, the second consisted of Arts 2 and 3. 
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viewed through the stereoscope they look further off the observer. But 
now let a pair of points be represented in the two есін as shown 


below :— о 
Left Hand , Right Hand 
A. A. e 
B. . 
В. 


so that the height of A above В is greater in the left hand diagram. 


It is clear that the picture will be seen in two different aspects by 
the two eyes, and that this difference cannot be associated with any 
difference of distance in the ordinary sense of the word. It is, however, 
essentially the same kind of difference as in the first diagram and the 
analogy leads us to associate it with a new kind of distance represent- 
ing a fourth dimension in space. 


3. Wbat І saidin Art 1 was that by rotating the figures round till 
the two representations of A B were horizontal, the difference in tbeir 
distance apart then represented their distance from the observer in 
ordinary three-dimensional space, and it will be seen that if they be 
rotated still further, the one that was nearest will appear farthest: 
But to say that the method only gives two three-dimensional 
representations of 8 figure differing in phase by 90°, will be a complete 
misrepresentation. 


Thus my method is superior to px Mukhopadhyaya's in that it uses 
for the representation of ‘в’ fourth dimension the same principle of 
binocular vision asis used for three-dimensional figures, and it is a 
natural corollary of that principle. 


Dr. Mukhopadhyays's method, at the best, is only successful with 
eyes that are able to judge distance by accommodatory power as well as 
by the principle of binocularity. In this respect it is only of very 
doubtful interest. . ; 


“ 


On the Second derivates of the Newtonian 
potential due to a volume distribution 
А . having a discontinuity of the 
second kind. 


RY 
Gaxzsu PRASAD. 
4 


The object of this paper is to study, in а number of typical cases, 
the question of the existence of tlie second derivates of the Newtonian 
potential due to a volume distribution jhaving a discontinuity of the 
second kind. It is belioved that this question has never been discussed 
by any previous writer, including even Dr. Petrini in whose elaborate 
memoir*, ‘Les dérivéas premiéres et secondes du potentiel," distribu- 
tions, which are either continuous or have discontinuities of the first 
kind, t are alone considered. 


1. Let О Bea point inside the volume, and 105 the potential V be 
equal to u+U, where u is the potential due to п small sphere of centre 
O, radius a and density p, and U is the potential due to the remaining 
part of the volume Then itis obvious that at О the second derivates 
of U are existent; we have to consider the derivates of u. 


Case І. р--сов log ( + ) 


2. Firstlet p=cos (log 1), where ris the distance between О und 
the point P where the density isp Then it will be shown that all the 
second derivates are non—existent at O, with the exception of those 


2 
of the. form ae r, and 7, being perpendicular radii. 
Divide the sphere into thin concentric spherical shells. Then by 
Newton's theorem relating to the attraction of a spherical shell, at О, 
Su o, and at P 
òr 


M ; 
4т | t? cos (log +) dt 
о 





ôu 
ў ri 


£s 











* Ses Acta Mathematica. Vol431, (1908), pp. 127—882 
+ See е, g. Art. 2 of his memoir. 
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«4. 5, 
Therefore, at O, Jo is existent or not according as 
І T 
| t? cos (log $) dt 


Lim "o А 
r=0 . 25 





ін existent or not. 


But , putting log }=v , we have 





T оо 
i o> co cg a = Pee 
. А e 
log 1 
oo 
a Еш (sin v—3 cos v) _7* (8 cos (log #)—sin (log 2)) 
ag] tog з ря 
T 
| t? cos (log +) dt 
Therefore m E is non-existent. 


a з 
Thus it is proved that pa and, therefore, also are поп-ех- 





i 
istent at O; as regards = T , it is obviously zero, and therefore 
1 a 


МАЙ is existent. 
% a 





Case П, p=cost. . 





3. Proceeding as in Case I, we find that, at O, x is existent or 


Ж 
E eos t dt 
Lim 0 


r=0 rs 


not according as 


ін existent or not. 


But, putting }=v, we have 


7. oo 
cos v 
{ена 24 а 


9 + 





On the Second derivates of the Newtonian potential, 5 


Now Е is always positive and constantly diminishes as v increases. 





Therefore 
оо 
ө COB v V 
. ca <r* 
as 2 
Therefore 
Y 
{ t? cos $ dt 
Lim 0 m 
То r? ` 


85V 


1 
Thus it is proved that E and, therefore, also жа” are existent 








at O. Hence it is obvious that all the second derivates of V are 
existent at O. . 5 


Case III. p=cos x (r). 
4. I proceed now to consider the general case in which 


“p=cos x (7), 





s 
х (r) being* > 1, and to prove that a is non-existent at O if x (r) 
~ log i, and existent if x (r) > log 1. The case in which x (r)=log 1 
has been already dealt with. 


Proceeding as in Case I, we find that, at О, v is “existent or not 
according às 


T 


(е cos x (t) dt 


Lim 0 
r—o g3 


is existent or not. 


But, putting x (t)=v, we have 


T ` ішт 
шы (ее 
9 í—o 


* The symbols = and - are those dE the Infinitary Calenlus of Du Bois Reymond, 





во that f (v) г от x F (а), according ва | the limiting value of f ig is inflnity or 


Zero, 
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в. ; PE 
- Now — * (5? always positive and constantly diminishes as i dimi- 


nishes. Therefore 


5. If x (г) 7 log 1 and, consequently, Y (r) z. i, it follows from 
the above inequality that 


. T ` 
[emos “т; 
Ô 


-hence in this case 
" 
| 1% сов! (t): dé 


Lim: 0 


r=0 т3 =O 


9 


5%ц 8*V > 
and, consequently, son and, therefore, also —-,- are existent at O, 


6.. Lf x (r) ~. log 1, consider the behaviour of 
tær 
i ? 
XO cos v d'v 
i-o 
as r tends to zero by assuming the valnes. 


h h h 
m , mtl ,.mc2 „eto, 





where : 
h 
men=X (mtn ) etn 
Now, putting li ) 
i R i 
vo 
ih. 
I = 1 #3 
ж : сов v d е, 
x @) 
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we have 
e MN mts 
1,- IE cos v d'o— d 4 Е p.. 
e Un ET Tui 
R_R R 
z(—1)* ( - 7o Cb xa E 
where B is the value of R for some value of v between 94, and 
v 
mtati' 
But 


y. > Е. > pn etc. 
Therefore T'has the sign of (—1)" and is, numerically, -greater 
R L.R 


т Tati: 


than 


But, since x (£) «log 
X (Dg 
Therefore 
#2 " D 
VO a ЇЗ. 


Therefore 


increases indefinitely as m increases 


422 J 
Thus, it is proved that, as 7 assumes ‘the values h, h aa d mtg ate, 


m fluctuates in sign and increases indefinitely in magnitude. Therefore 
" 


т 


9 ‘does not tend to any limit as m increases ; hence 


т 


f^ cos.x (t) dt 
Lim “о 
r=o rs 


must be non-existent. 
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are non-existent at О. 





ev 
er? 





835 
or? 
Case IV fp=cos D log ғ), 


7. Taking О as the origin of co-ordinates, let the density ate апу 
°. PV 
point (2, y, 2) be cos ( зе, Then it will be shown that -yzy 





is non-existent at O. 


Divide the sphere into thin discs perpendicular to the z—axis, Then 


ibis obvious that dE = озь О and that, at any point P, on the v— 


bec 
axis, distant e from O, 
a 
1 bu 1—2 (s 1 ya 
Эт Em g K i= маз + 0 —2iz ) MS log p 
ш 
а 


t+ 
1- 6 s) 
т 1 Varpe +s Wt) P leg ; dr 
2 


1 
=~ ра пе ay) а (далы өн (Flog 7) at 


— Sä 





n 1 = 1 т P t a? t А Қ 
маз +08 — ote T d + a? 1 (+) z Р, (+)+ ... to infinity, 


and, consequently, 








-т оа 
PR + (2) terms containing higher powers 
of x. 
Therefore 
i Ж 
1 ёи 1 t т 
аи Ли ( РР (5 log r2 - Б cos (5 log 3) 
a 
т” 3 a? 1 
-— ( LE -2 cos (+ B Jit-torms шыны а 
— 


powers of г, 


On the Second derivates of the, Newtonian potential. 9. 


Now it is clear that, іп the above equation, the second integral is 
zero, the third has a definite value, &nd the terms involving higher 


powers of х have zero as the value of the differential coefficient of their 
gum. 


: TEE 
Therefore, at О, ы. is existent or not according as . 





ін existent or not. 


But, putting log i =v, we have " 


2 
pana o C Ie 
0 


т 


| cos (i log 








--г 
со 
"s [z cos tde —2 “г в (віп pons v) 3 
log — i 
log b ғ ж 
Č 
; 1 
=u 1 cos (log 2) а) 
Therefore 
Lim __ cos (1 lo r2 
Жгшо 0 a og и 


--. 
is non-existent, 








63% 
$3 Mo kr &re non- -existent < 





at О. 


Case V. p = cos 1. 


8. Proceeding as in быв. IV, we find that, at О, E is éxistant or 
fe 
not, according as 


т 
Ша 1 1 


s=0 “ә | 9 y Ф. 


r 


о 
is existent or not. 
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, Bui, putting + =v, we have 


i со 
1 сов v 
cor а | dv. " 
ЕЯ 
Ф 


е 





Now “ұл із always positive and constantly diminishes as v increases. 





Therefore 
со 
| (ЕЕ ы | x 
i 
Ed А 
Therefore 
т 
ме. es аны 
0 


Thus it is proved that 57 i ана therefore, also ті. are existent 
at О. 
Case VI. p=cos x (a). 


Жұ 


. ; Sru, , 
9. Proceeding às in Art. 7, we find that, at;O, Ex is existent or 


nob, according as 


is existent or not. 


Again, a procedure, similar to that adopted in Case III, shows 
(1) that 


a 
oe 
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1 
if x(x) vlog +. and (2) that, if x (=) ~x log us 
h 


x cos x (t) dé. 
0 


fluctuates in sign and increaaes indefinitely in magnitude as m increases. 
Hence s dy, di e istent wh 
ence ©; and, consequently, also “ра” are existent when 


x (e) > log =) and non-existent when x (с) ~x log E 


John Napier—His Life and Work. 
( Continued.) 


BY 
А. C. Вовк. 





ШІ. The Evolution of the Calculus of Logarithms. 


Tus words of Glaisher viz. “I cannot get over the romance of the 
invention i.e. it took place when it did and where it did—so much 
before it was due mathematically from the train of thought which led 
to it” will be appreciated only when we take a brief survey of the 
evolution of the Science and Art of computation and the stage it 
reached in the second half of the 16th century before the discovery 
of the Logarithms. What is known as the Dark Age, had closed about 
the end of the eleventh century and the period between this date and 
the fall of Constantinople and its capture by the Turks in 1458— 
known as the Middle Age—has been well described recently (by 
Whethar in “ the Science and the Human mind”) as “the great dark 
valley across which mankind had to struggle down the descent on one 
side from the heights of the thought of Greece and the power of Rome 
to the slow ascent on the other to the upward slopes of modern science. 
We look across the cloud-filled hollow and see the hills beyond more 
clearly than the intervening ground, lit only by the dim light of 
Scholasticism and theology.” One of the foremost torch-bearers who 
illumined the “cloud-filled hollow” was Roger Bacon who was born 
about the beginning of the 13th century and whom Oxford has recently 
honoured by erecting his statue and commemorating his life and work: 
He-preached that mathematics must underlie other studies and that 
mathematical tables and instruments were necessary. He was deeply 
interested in Optics, gave a theory of the rain-bow and described many 
mechanical inventions—mechanically driven ships and carriages and 
flying-machines., As Friar Bacon was great as the precursor of the age 
of éxperiment and observation—the age of Tycho Brahe, Kepler, 
Galileo, Napier and Newton,—Leonardo of Pisa, Fibonacci as he was 
called, was equally great as the man to whom we owe the “ first 
renaissance of mathemiatics on the Christian soil.” As а boy he learned 
the use of the Abacus, and as he grew older, acquired such dn enthu- 
siigm for mathematics, that in the course of business travels in Egypt, 
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Syria, Greece and Italy, he gathered from the various peoples he met, 
what was then known about Mathematics. The fruitof his researches, 
was the Liber Abaci published in 1202, which contained about all the 
knowledge which the Arabs possessed in Arithmetic and Algebra. 
Leonardo was the first to advocate the adoption of the “ Arabic Nota- 
tion.” Calculation with Zero was received with favour by *the 
mathematicians on Christian soil but Leonardo had no definite 
symbolism to offer and the stage reached was what is known as the 
Stage of Syncopated Algebra which replaced the Rhetorical Algebra 
of the ancients. The Hindus possessed a Symbolism which had been 
ignored by the Arab Mathematicians. It із in works of the next great 
Italian Mathematician Lucas Paciuolo or De Burgo that symbols begin 
to appear and it is not till we come to the age of the great French 
Mathematicians Vieta and Descartes that we find a purely symbolic 
notation. As Sir John Herschel has said “our present notation has 
arisen by almost insensible degrees as convenience suggested different 
marks of abbreviation to different authors; and that perfect symbolic 
language which addresses itself solely to the eye, and enables us to 
takein at a glance the most complicated relations of quantity, is 
the result of a large series of small improvements.” In particular, 
wonderful is the story of the Cipher. “Men struggled through 
centuries of intelligence with cumbersome number notation. At 
first five men in а row to count 10.000. Ten fingers raised by the 
first, one by the second; ten raised again by the irst and two by the 
second: ten raised by the second and then one by. the third and thus 
to one finger of the fifth man equalling 10,000. Then the Abacus with 
pebbles to represent the fingers and a row of grooves for the row of 
men. Centuries of intellect using the decimal system but struggling 
with it because unable to comprehend the possibility of Cipher to 
indicate position in the row of men or in the grooves of the Abacus; 
centuries of struggling with other symbols, adopting Hindu numerals, 
but failing to find a character which would indicate nothing—to 
indicate that a position was empty. A Hindu genius created Zero. 
Hindu numerals have been traced back to the early part of the third 
century B.C. “But & whole millennium was yet to pass before the 
creation of the most useful symbol in the world—the naught—the Zero 
the first known use of which in a document is in 788 A.D. This little 
ellipse, picture for airy nothing is an indispensable corner-stone of 
modern civilization. It is an Ariel lending magic powers to computation. 
This giving to airy nothing not merely a local habitation and a name 
but a picture, a symbol, is characteristic of the Hindu race whence it 
sprang. It is like coining Nirvana into Dynamos.” This invention of 
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a symbol for nothing, as has been said by another writer is “ the 
crowning and transcendent achievement in the perfection of the Decimal 
system and lies at the base of all subsequent arithmetical progress.” 


The powers of the Cipher so eloquently described, developed still 
further i in the Art of computation when its linear dimensions vanished 
and the decimal point was evolved in the course of succeeding centuries 
and Napier, with Simon Stevin of Bruges, was one of the mathematicians 
first to recognise its potentiality as an operative form. 


Italy, then, was the country in which the Renaissance began—Italy 
which had buried Rome and its glory and which had not yet dropped 
its link with Greek thought. With the brilliant beginning made with 
the Liber Abaci, the Practica Geometria and the Flos of the great 
Leonardo, and the spread of mathematical culture throughout Italy, 
one should have thought that Mathesis would enjoy a steady and 
vigorous development throughout Europe. Not so was the caso, for 
during the 14th and 15th centuries, long wars absorbéd the energies 
of the people. The death of Frederick 11 in 1254 led to confusion in 
Germany and to constant quarrels between the German Emperors and 
the Popes. Italy was drawn into the vortex and knew no peace between 
the Guelphs and the Ghibellines. France and England closed with each 
other in the Hundred Years’ War (1338—1453) and England herself was 
torn by the Wars of the Roses. To these wars was added the benumbing 
influence of Scholasticism which revelled in hair-splitting arguments, 
leading to indistinctness апа confusion of ideas, for an adequate and 
learned account of which the reader is requested to refer to the ‘pages 
of Whewell’s monumental work on the History of the Inductive 
Sciences. But the Torch once lit was not to be put out and the 
invention of printing about 1450, facilitated the communication of 
knowledge from centre to centre till it reached the remotest corners 
of Europe. Looking into the past history of mathematics, do we not 
find Cuthbert Tonstall (1474-1559), proceed to Padua after a course 
of study in Cambridge and Oxford? It is said that “he won there 
a high and well-deserved reputation, distinguishing himself more 
particularly in Jurisprudence. But during his stay in Italy he was also 
deeply interested in mathematics and made a careful study of the works 
of Pasinolo.” Great was his enthusiasm for the Science of Algebra 
and in his work De Arte Supputandi Libri quattuor (1522) he set 
forth its principles as learnt in “ beautiful Italy.” It was, however, 
in the German University of Prague, founded at the end of the 14th 
century, that greater attention was paid to the cultivation of mathe- 
matics than in the older Universities of Paris, Botogna, Padua and 
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Pisa where lectures on Astrology still took the place of lectures on 
Ptolemy’s Almagest. And-itisto the great German mathematicians 
of the 15th and 16th centuries George Purbach, John Mueller (Regio- 
montanus), Michel Stifel and George Joachim (Rhmwticus) that we 
owe those great developments of the Science and Art of computation 
whieh made it such a powerfnl instrument іп the study of the heavens 
and a material help to the laboura of the great astronomers of the 
sixteenth century. Remarkable, in particular, is the work, Arithmetica 
Integra (1544) of Micheel Stifelus or Stifel, the great German Algebraist, 
who was drawn to mathematics by “a study of the significance of 
mystic numbers in Revelation and in Daniel.” Melanchthon wrote 
a preface to the work which is divided into three parts dealing respec- 
tively with rational numbers, irrational numbers and Algebra. The 
advances which he made beyond the stages reached by the Italian 
mathematicians of the 16th century have been summed up by Dr. 
Hutton as follows :— 


(1) Heintroduced the characters, +, —, У for plus, minus, root 
or radix. 
(2) He introduced the initials 2, 8, 4, ———— for the powers. 


(3) Ho treated all the higher order of quadratics by the same 
general rule and he used the general literal notation a, b, o, for so 
many different unknown or general quantities. 

(4) (And this is most important for the purposes of this essay).—He 
introduced the numeral exponents of the power, —3, —2; —1, 0, 1, 2, 
3, etc. both positive and negative, so far as integral numbers were 
cancerned but nof fracitonal ones, calling them exponents and he taught 
the general uses of the Exponents, in the several operations of powers, 
as we now use them or the logarithms. Here, then are the germs of 
the theory of Exponents, which was not fully developed till abont 
the time of Newton, t.e., long after Napier's invention. To Stifel, 
however, is due the great merit of showing “the relations between 
operations with the terms of a Geometric and an Arithmetic series, in 
which the, terms are made to correspond, viz. the relations between 
multiplication, division and exponentiation on the one hand and addition, 
subtraction, multiplication or division on the other” relations which: 
really contained in part the theory of logarithms. 


With Stifel then we arrive at an advanced stage of the: Arithmetical 
and Algebraical sciences and if we added the work of Simon Stévin 
of Bruges, on decimal fractions, and the productions of Robert Recorde 
in England (who introduced tho sign of equality) whose Grounde of 
artes ала Whetistene Witte were referred to in their writings even 
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by Shakespeare апа Sir Walter Scott, во widely known and used, were 
these works on Arithmetic and Algebra, we place before the reader a 
conspectus of the state of the Science and Art of computation on the 
arithmetical side before the invention of logarithms. We find about 
the middle of the 16th century, a fairly complete symbolic Algebra 
with tMe first three fundamental laws of operation fully developed and 
the fourth—the law of indices—only partially developed. The func- 
tional nature of а” had, however, not been recognised and the theory of 
infinite series remained to be worked out. On the other hand, we 
find an Arithmetic the same ав at the present date, with all the 
instruments of computation nearly ready. Onthe side of Trigono- 
metry—a Science which progressed side by side, with Arithmetic and 
Algebra, we note that in the fruits of the labours of George Purbach 
and his pupil—Regiomontanus, and of Rhwticus, we find those 
developments of the Art of computation (the Trigonometrical tables) 
which eventually necessitated the invention of the Logarithms. The 
first table of sines of Germanic origin is of Purbach. Не put the 
radius equal to 6,00,000 and computed at intervals 10, Regiomontaus 
computed two new tables of sines, one for г--6,000,000 and the 
other for у--10,000,000. Besides these he constructed a table of 
tangents for every degree, taking r=10°. In this field of mathematical 
tables we must note the great labours of Joachim Rhwticus. He 
calculated the first table of secants and also tables of sines and tangents 
for every 10" for r—10!*. His, work was monumental &nd when 
published by Valentine Otho (under the title Opus Palatinum) about 
theend ofthe 16th century filled a volume of 1468 pages ! ! The labour 
involved in the calculation of these tables, in the absence of the. 
Calculus of Logarithms, can be better imagined than described and 
we are told that Rheticus had to employ for this purpose “a number 
of computers for twelve years and spent thereby thousands of 
Gulden”. Bartholomew Pitiscus republished these great tables in 
1613 (the year before the publication of Napier’s invention) freeing 
them from errors as far as possible. The tables of Pitiscus contain 
values of sines, tangents and secants on the left and of the comple- 
ments on the right. He added proportional parts for every minute and 
even for every ten seconds and in the whole calculation r is taken as 
10*5, As remarked by а competent authority “ ће enormous work 
undertaken by Rhæticus needs no eulogy; and the earnestness and 
love of accuracy displayed by Pitiseus, not only rendered apparent by 
his acts but also evident in the prefaces to his several works, will 
always render .his an honoured name in Science”. We have thus 
arrived at the stage at which it may be said that the tables of numerical 
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values of the trigonometric’ functions had attained a high degree of 
accuracy but at what an enormous cost of time and labour! Naturally 
at the end of the 16th century, mathematicians turned their earnest 
attention to the devising of a calculus by which the time and labour 
devoted to these enormous calenlations—caleulations absolutely pece- 
ssary for astronomical and other purposes, could be  economised. 
Prof, Playfair has written in his well-known Dissertation on the pro- 
gress of the Mathematical Sciences. “Napier whose mind seems to 
have been peculiarly turned to Arithmetical recearches and who was 
also devoted to the study of astronomy, had early sought for the means 
of relieving himself and others from this diflloulty. He had viewed the 
subject in а variety of lights and a number of ingenious devices had 
occurred to him by which the tediousness of Arithmetical operations, 
might, more or less, completely be avoided. In the course of these 
attempts, he did not fail to observe, that when the numbers to be- 
multiplied or divided were terms of a geometrical progression, the 
product or the quotient must also bea term of that progression and 
must occupy а place in it pointed out by the places of the given num- 
bers, so that it might be found from mere inspection, if the progression 
were far enough continued. If, for instance, the third term were 
multiplied by the seventh, the product must be the teuth and if the 
twelfth were to be divided by the fourth, the quotient must be the 
eighth so that multiplication and division of such terms was reduced to 
to the addition and subtraction of the numbera which indicated their 
places in the progression". ' 

* This observation or one very similar toit was made by Archimedes. 
and was employed by that great geometer to convey an idea оға 
number too vast to be correctly expreseed by the Arithmetical notation 
of the Greeks (vide pp. 221—232 of the Works of Archimedes—edited by 
Sir Thomas ‘Héath). Thus far, however, there was no difficulty and 
the discovery tight certainly have been made by men inferior either 
to Napier or Archimedes. What remained to be done, what Archimedes 
did not attempt (and we might add, what even Stifel did not discover— 
although he came close to it) and what Napier completely performed, 
involved two great difficulties. It is plain that the resource of the 
Geometrical Progression was sufficient when the given numbers were 
terms of that Progression, but if they were not, it did not seem that 
any advantage could be devised from it. Napier, however, perceived, 
and it was by no means obvious, [that ali.numbers whatsoever might be 
inserted im the Progression and have their places assigned іп й. After 
conceiving the possibility of this, the next difficulty was to discover. 
the principle and ‘to execute the Arithmetical process, by which these 
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places were to be ascertained. It is in these two points that the pecu- 
liar merit of his invention consists; and at a period when the nature of 
series and when every other resource of which he could avail himself, 
were so little known, his success argues a depth and originality of 
thought, which have rarely been surpassed. The way in which 
Napie? satisfied himself that all numbers might be intercalated between 
the terms of the given G. P. and by which he found the places they 
must occupy, was founded on a most ingenious (Kinematical) supposi- 
tion—viz., that of two points describing two different lines—the one 
with a constant velocity and the other with a velocity always increasing 
in the ratio of the space the point had already gone over; the first of 
these would generate magnitudes in Arithmetical and thé second mag- 
nitudes in Geometrical progression.. It is plain, that all uumbers 
whatsoever would find their places among the magnitudes so generated 
(because of the linear continuum) and indeed, this view of the subjeet is 
as simple and profound as any which has yet presented itself to 
mathematicians.” 


« The numbers which indicate (in the A.P.) the places of the terms 
of the G.P. are ealled by Napier, the logarithms of those terms.” 


“Various systems of logarithms, it is evident, may be constructed, 
according to the G. P. assumed." 


“ If Logarithms had not been invented by Napier, they would have 
been discovered in the progress of Algebraic analysis, when the powers 
and exponents, both integral and fractional, came to be fully under- 
stood. The idea of considering all numbers as powers of one given 
number would then have readily occurred and the doctrine of series 
would have greatly facilitated the calculations which it was necessary 
to undertake. Napier had none of the advantages (as will be seen 
by the state of knowledge in the Science and Art of computation 
in Napier's time mentioned above) and they were all supplied— 
by the: powers of his mind. Napier's good fortune, also, not less 
than his great sagacity, may be remarked. Had the invention been 
delayed to the end of the 17th century, it would have come about 
without effort and would not have conferred on the author the high 
celebrity which Napier so justly dorives from it.” 


Napier’s great work was published by Andrew Hart, book-seller, in 
1614 in Latin under the title “ Мігійсі Logarithmorum Canonis Des- 
criptio.” This work which will be briefly called hereafter the. Descriptio, 
contains the natural sines and the logarithms of the sines for every 
minute of the quadrant with a description and explgnation of the uses 
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of the Tables. I have not the work before me and I follow Professor 
Hobson ih describing the contents of this work :— 


Thére are 57 pages of explanatory matter and 90 pages of Tables. 
The explanatory matter contains an account of, Napier's conception of a 
logarithm, their principal properties and their application in the*solu- 
tioni of plane and spherical triangles. Napier’s well-known rules of ' 
circular parts containing the complete system of formule for the solution 
of right-angled spherical triangles are here given. To understand 
this work, it should be remembered that the sine of an angle was not, 
in Napier's time and long afterwards, regarded as a ratio but as the 
length of that semichord of a circle of given radius which subtends 
the angle at the centre. Napier took the radius to consist of 10" units 
and thus the sine of 90? called thé whole sine, is 10’, the sines of smaller 
angles decreasing from this value to zero. The Table is, therefere, one‘ 
of ‘logarithms of numbers between 10" and zero, not for equidistant 
numbers but for numbers corresponding to equidistant angles. 


The Descriptio was welcomed by the greatest mathematicians as 
giving once for all the long desired relief from the labour of calculation. 
The immortal Johannes Kepler “who was engaged in the prodigious 
task of discovering and verifying by numerical calculation, the laws of 
motion of the planets” in the early years of the 17th century, hailed 
with delight this great invention. He was one of the first in Germany 
to appreciate the full importance of the facilities, logarithms afford to 
the numerical calculator. Writing in 1618 to his friend Schick-hard 
says Kepler “there is a Scotish Baron (whose name has escaped my 
memory) who has made & famous contrivance by which all need of 
multiplieation and division is supplied by mere addition and subtraction 
but he does it without sines. But even he wants a table of tangents 
and the variety, frequency and difficulty of the additions and subtrac- 
tions in some cases is greater than the labour of multiplying and 
dividing.” 

Kepler dedicated his “ Ephemeris" for 1620 to the author of this 
celebrated invention, Baron Napier of Merchistoun (not knowing that he 
had died in 1617) and in 1624 himself published a book of Logarithms, 
entitled Chilias Logarithmorum containing the Napierian logarithms of 
the quotients of 10% divided by the first ten numbers, then proceeding 
by the quotients of every ten to 100 and by hundreds to 100,000. In 
the supplement published in 1625 there is a curious notice by Kepler of 
the manner in which un * gubtle contrivance” was at first received on 
the Continent. It runs ‘ 189% year 1621 when 1 had gone into Upper 
v and WS за every where with those skilled in 
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mathematics, on the subject of Napier’s Logarithms, I found that those 
whose prudence had increased and whose readiness had diminished, through 
age, were hesitating whether to adopt this new sort of humbers, instead 
of a tabe of sines; because they said it was disgraceful to a professor of 
mathematics to exult like a child at some compendious method of work- 
ing, ànd meanwhile to admit a form of calculation, resting on no 
legitimate proof, and which at some time might entangle us in error, 
when we least feared it. They complained that Napier’s demonstration 
rested on a fiction of geometrical motion, too loose and slippery for a 
sound method of reasonable demonstration to be founded on it.* (It will 
be seen below that it was neither loose nor slippery). This led me 
forthwith to conceive the germ of a legitimate demonstration, which 
during that same winter I attempted, without reference to lines or 
motion, or fiow, or any other which I may call sensible quality.” 


“Now to anawer the question; what is the use of logarithms ? 
Exactly what ten years ago was announced by their author, Napier, and 
which may be told in these words. Wheresoever in common arithmetic, 
and in the Rule of Three, come two numbers to be multiplied together, 
there the sum of the logarithms 1s to be taken; where one number is 
to be divided by another, the difference; and the number corresponding 
to this sum or difference, as the case may be, will be the required 
product ‘or quotient. This, I say, is the use of logarithms. But in the 
same work in which I gave the demonstration of the principles, I could 
not satisfy the unfledged arithmetical chickens, greedy of facilities, and 
gaping with their beaks wide open, at the mention of this use, as if to 
bolt down every particular gobbet, till they are crammed with my 
precepticles.” 

But none received with more enthusiasm this grand invention of the 
Peer of Merchistoun than the noted contemporary mathematicians of 
England, Edward Wright and Henry Briggs. The name of Edward 
Wright has been handed down to postenty, as the greatest English 
authority of the 16th century on the Theory of Navigation who improved 
on the work of Gerard Mercator—the French mathematician and 
Geographer—one of the early pioneers of the modern Theory of Con- 
formal representation of surfaces, and whose name-sake Nicholas 
Mercator, (although a German, he spent most of his time in England 
and was a member of the Royal Society of London), exposed the 





* Similar was the objection originally made to Newton's Fluxions. Napier’s idea 
of logarithms was identical with that method of conceiving quantities. This singular 
coincidence of ideas will appear if we pernse what Newton himself wrote half s 
century later (1665) in his Tractus de Quadratura Curvarum. * 


99 A. С. BOSB. 


true theory of the Logarithms in his work Logarithmotechnia pub- 
lished in 1868 and discovered the series for log (l--x). Wright was 
a fellow of Caius and had s remarkable talent for the construction 
of instruments. He subsequently became lecturer on mathematica to 
the East India Company on the stipend of £50 a year and €hen 
private tutor to the Prince of Wales. He constructed a ‘sphere 
“which enabled the spectator to forecast the motions of the solar 
system with such accuracy that it was possible to predict the 
eclipses for over seventeen thousand years in advance.” 


When in 1614 Napier’s invention was announced Wright saw at once 
its immense value for all practical problems in Navigation and Astro- 
nomy. Не took up ‘the work of translating it into English and 
sent the translation to Napier who approved of it. But Wright died in 
1615 and the translation was brought out іп 1616 by his son, Samuel 
Wright, another Cambridge mathematician, under the title “ A descrip- 
tion of the admirable table of Logarithms,” in which we find the 
description of & triangular diagram invented by Wright for finding the 
proportional parts. 

To Henry Briggs, however, is due the credit of the rapid adoption 
of Napier’s grand discovery by mathematicians, No name stands 
higher іп the Annals of the Cambridge School of Mathematics than 
that of this ardent mathematician and caleulator—the first holder of the 
Gresham Chair of Geometry in London and the Savilian Chair of 
Geometry at Oxford. These were the dark days when the study of 
thathematics at Cambridge was аб а low ebb and mathematicians like 
‘Briggs, Pell, Wallis and Ward had to find their life’s work away from 
it, “It seemed that there was no careor for a mathematician at 
Cambridge” and it was not till the influence of Newton was felt that 
Cambridge began to assume a recognised position in the mathematical 
world. The Universal recognition of the value of Newton’s work 
helped Cambridge to step cut of the Slough of Despond, and to proceed 
on the ever-onward march to conquests of regions unknown. 


IV. Napier and Henry Briggs. 


Never was friendship and mutual esteem between two savants more 
intimate and discriminating than between the great Scotchman and the 
Englishman. Іп а letter to Archbishop Ussher dated March, 10th 1615, 
Briggs wrote :—‘ Napper, Lord of Markinsion, hath set my head and 
hands at work with his new and admirable logarithms. I hope to see 
him this summer if it please God, for I never saw book which pleased 
me better or made me wonder. I purpose to discourse with him 


ы John Napier—His Infe and Work. 23 


concerning eclipses, for what is there which we may not hope for at his 
hands. Iam wholly employed about the noble invention of logarithms 
lately discovered," . The ardour with which Briggs studied the Canon 
Mirificus has been described by Dr. Thomas Smith as follows :— 

‘Hanc іп deliciis habuit, in sinu, in manibus, in pictore gestavit, 
oculisque avi dissimis et mente attentissima, iterum ierumque perlegit.” 

In the summer of 1615, Briggs visited Napier and stayed with him 
a full month. In happy and learned discourse these two congenial 
souls, discussed improvements in ihe Canon. The first visit of the two 
men has been so well described by Lilly the Astrologer and has been so 
often referred to (notice the address on Geometry delivered with all his 
matchless eloquence, by Sylvester when appointed Gresham Professor 
at Oxford—the chair first ocoupied by Driggs) that it will bear quotation 
here :— 

“ At first, when the Lord Napier first made publick his logarithms, 
Mr. Briggs was so surprised with admiration of them that he could 
have no quietness in himself, until he had seen that noble person, the 
Lord of Marchiston, whose only invention they were: he acquaints— 
John Marr (an excellent Mathematician and Geometrician, a friend of 
Briggs and Napier) who went into Scotland before Mr. Briggs, 
purposely to be there when these two learned persons should meet. 
Mr. Briggs appoints a certain day when to meet at Edinburgh: but 
failing thereof the Lord Napier was doubtful he would not come. It 
happened one day as John Marr and Lord Napier were speaking of 
Mr. Briggs; “ Ah, John," said Marchiston * Mr. Briggs will not: now 
come ;" at the very instant one knocks at the gate; John Marr hasted 
down and it proved Mr. Briggs to his great contentment. Не brings 
Mr. Briggs up into my Lord's chamber, when almost one quarter of an 
hour was spent, each beholding the other almost with admiration, before 
one word was spoke. At last Mr. Briggs began:—' Му Lord, І have 
undertaken this long journey purposely to see your person and to know: 
by what engine of wit or iagenuity, you came first to think of this most 
excellent help unto Astronomy, viz., the Logarithms; but my Lord, 
being by you found out, I Wonder no body else found it out before, 
when now known, it is 80 easy." 

Briggs was nobly entertained by Napier and every summer after 
that, during Napier’s life-time, Briggs, although he was nearing 60, 
made his pilgrimage to Marchiston and Napier refers to him as “ Amico 
Mihi longe Charissimo.” 

And right loyally did Henry Briggs discharge the duties which his 
admiration of the great work of Napier imposed onehim. “А man of 
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great probity, a contemner of riches, contented with his own station 
and preferring a studious retirement to all the splendid circumstances 
of his life,” Briggs, before he died, had brought the calculus of 
logarithms to such a stage of perfection that the labours of a host of 
workers in the same field in the centuries that followed have added but 
little to the work of Briggs. Pass we lightly the criticisms of the’ late 
Dr. Charles Hutton that Napier was not fair to Piiggs in regard to 
the improvement which consisted of the change to the decimal base. 
As a matter of fact Dr. Hutton’s, otherwise admirable History of 
Logarithms, is tainted, as it seems to me, by a somewhat low estimate 
of Napier’s merits as an inventor anda mathematician of high rank. 
If we turn to Briggs’s own account of the matter, as given in his 
Arithmetica Logarithmca of 1624, we find that Briggs had suggested 
that “ the logarithm of the tenth part of the whole sinc should be 1019" 
but Napier said that it would be better that “о should become the 
logarithm of unity and 101° of the whole sine.” Briggs wrote that he 
could but admit that this change was by far the moat convenient of all 
As a result of this conference Briggs rejected the tables he had aleady 
prepared and commenced, as he says, “under Napier's encourageing 
counsel, to-ponder seriously about the calculation of these tables”. 


V. Calculation of Logarithms—The Constructio: 


The Canon Mirificus publishod in 1614, did not contain an account 
ofthe method by which the logarithms had been calenlated. Napier 
states that “the uge and profit of the thing first conceived, the rest may 
please the more, being set forth hereafter, or else displease the less, 
being buried.in.silence. For 1 expect the judgment and censure of 
learned men hereupon, before.the rest rashly published, be exposed to 
the.detraction of the envious.” 


"The explanation of the .method was, however, given in the 
posthumous work-—entitled “Mirifici Logarithmorum Canonis Cons- 
tructio” which is generally briefly called “the Constructio”. It was 
published by Napier’s second son by his second marriage, Robert 
Napier, in 1619. Excerpts from the Preface (put as “Greeting to the 
Reader Studious of Mathematics") to this work written by the dutiful 
son—-Napier's scientific executor—are given below as throwing light 
on the history of the construction of the wonderful Canon and especially 
on the part played by Henry Briggs, the co-adjutor of Napier :— 

“But, since his departure from this life, it has been made plain to 
me by unmistakable proofs, that the most skilled inthe mathematical 
sciences consider this new invention of very great importance, and that 
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nothing more agreeble to them conld happen, than if the Construction 
of this Wonderful Canon, or at least so much as might suffice to explain 
it, go forth into the light for the public benefit.” 


“You have then (kind Reader) in this little book most amply 
ппіо ей the theory of the construction of logarithms,) here called by 
him artificial numbers, for he had this treatise written out beside him 
several years before the word Logarithm was invented) in which their 
nature, characteristics, and various relations to their natural numbers 
are clearly demonstrated.” 


“It seemed desirable also to add to the theory an Appendix as to the 
construction of another and better kind of logarithms (mentioned by the 
Author in the preface to his Rabdologiae) iu which the logarithm of 
unity is o." : 

“We have also taken care to have printed some studies on the above- 
mentioned Propositions, and on the new kind of Logaritlms, by that 
most excellent Mathematician Henry Briggs, public Professor at 
London, who for the singular friendship which subsisted between him 
and my father of illustrious memory, took upon himself, in the most 
willing spirit, the very heavy labour of computing this new Canon, 
the method of its creation and the explanation of its use being left to 
the Inventor. Now, however, as he has been called away from this life, 
the burden of the whole business would appear to rest on the shoulders 
of the most learned Briggs, on whom, too, would appear by some chance 
to have fallen the task of adorning this Sparta,” 


The Constructio contains, naturally, no table, being a sequel to the 
Descriptio. Іп 1873, when Dr. Glaisher wrote his celebrated Report 
on Mathematical Tables, the Constructio was a rare work, and the 
only copy which he could see was in the Cambridge University 
Library and had once belonged to Oughtred (1574--1660)--в contem- 
porary Cambridge mathematician whose part in the promulgation of 
the Canon, Ihave nowhere seen precisely described—whose Clavis 
Mathematica (1631) introduced for the first time the sign,x, of 
multiplication and the symbol ::, in Proportion, who was somewhat 
of an Astrologer arid Alchemist” (signs of the times again ! ), “who 
complained bitterly of the penury, of his wife who always took away 
his candle after supper, ‘whereby many а good motion was lost and 
many а problem unsolved’ and “whose warmest esteem was won by 
one of his pupils who secretly gave him a box of candles.” 

One day, some years ago, while out one morning for a walk in the 
streets of Calcutta I saw a collection of old books for sale on the road- 
side ‘and being curious I looked into them. Great ‘vas my surprise 
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‘when I discovered among much that was rubbish, IW. R. MacDonald’s 
English Translation of the Constructio, published in 1889 by’ Messrs: 
William Blackwood and Sons of Edinburgh and London—a copy of that 
lad been presented to some one—perhaps a lover of the Science and 
Art of computation. I, purchased it forthwith for a rupee; although it 
is worth its weight in gold. Little thought 1 then that the Tercen- 
tenary of Napier’s great invention would come іп 1914 and that an 
endeavour would have to be made by imeto givé an -account of it; 
Professor E. W. Hobson’s lecture in 1914 on “John Napier and the 
Invention of Logarithm, 1614,” has been published as a 
brochure of 48 pages by the. Cambridge University Press 
and thereby one more precious production has been added to 
several elementary expositions of land-marks in the History of 
Mathematics, from the pen of the’ erudite student of the Theory of 
"Functions on English soil. And Prof. H. S. Carslaw's admirable paper 
on the “Discovery of Logarithms by Napier," unfortunately delayed : 
for production at the Napier Tercentenary at Edinburgh, has since 
appeared in the Mathematical Gazette for May and July, 1915. Both 
these writers have afforded an opportunity to workers with a recent 
Table of logarithms to learn its past history and to appreciate with 
delight the romance of the Invention. Even Macdonald's Translation 
of the Constructio (1889) is rare, and Professors Hobson and Carslaw 
deserve our thanks for their works. Prof. Hobson has énlivened his 
pages by giving glimpses of Napier’s past life—an account based on 
the admirable articles on Napier and Logarithms in the Encyclopaedia 
Britannica by Dr. Glaisher and on the Biography by Marks ADT 
(1838). 


Napier's Constructio consists of 59 main articles with an Appendix 
and Remarks thereon and a chapter headed “Some very remarkable 
propositions for the solution of spherical triangles with wonderful 
ease.” The work opens with the definition of a Logarithmetic Table 
as “a small table by the use of which we can obtain a knowledge of 
all geometrical dimensions and motions in space by a very easy calcula: 
tion (Art. 1) and ends with instructions how to form a logarithnretió 
"Table (Art. 59). The modern Theory of limits was present in the 
mind of Napier when (Art. 7), he lays down that “an unknown or in- 
commensurable quantity is included between numerical limits not 
differing by many units and that in place of the unknown quantities 
themselves, their limits are to be added, subtracted, multiplied ‘and 
divided according as there may be need." Тп Arts. 8 to 11, he deals 
with addition, subtraction, multiplication and division оҒ limits. In 
Arts, 18 to 15, he lays down rules for easily forming an A. P. anda 
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G. P- In-Art 16, he forms his First Table—a tablo of 101 terms in 
в: ?. beginning with foci the common ratio г, being 1— is and 
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the last term being "P pto. In ` Art. 17, Napier. forma’! his 
Second Table, another G. P. with the first and last terms of the first 
9. Б, ‘asthe first two terms of the new G. P., of 51 terms, by, b,...... Bao 
the common ratio, being r,7°°. (There is an error in Napier’ в caleula- 
tion of the last term of this series, viz. that the decimal portion should 
have been “224804 instead of -222927). Napier does not calculate the 
the Жени of’ this’ "serios but replaces it by one easier to compute, viz., 


er 1 ў 
one in which the common ratio 181—тбу. In Агі. 18, Napier calcu- 


lates another G. P. consisting of 21 terms, cy, c,, 6,0...... с.о. The first 
term is as before c, =107 and tho second term very nearly the same 
ag the last term in the second Table and the common ratio is taken 
as the ratio of the last to the first term of the second Table which is 


approximately у: In Arts. 19 to 21, Napier forms his Third 


Table, with 69 columns. ':The ‘terms at the top of each: column form 
another .G. Р. in-which the. first two: terms are c, ands number 
different only slightly: from с, (the last term of the series formed in: 


Art. 18), the common ratio being is. Having thus got the first 


” 1 ls 
terms in each column, viz. Co (=107), c, (1-53), со (1-55) teg 


he obtains 21 terms in each column from its first term with the 
common raito lcu Napier thus obtained his Third Table—a set 


of numbers lying between 107, and very nearly i107 —“ a dense enough 
seb" for dealing with’ sines of angles from 90° to 309. Napier then 
proceeds to deal with his kinematical definition of logarithms and to, 
lay down two propositions about limits between which a logarithm 
would lie Napier takes two right lines TS and T,o. TS is taken 
to be equal to 107 units, the radius of the circle for which the sines ar 6; 
measured апа а point P is supposed to move. from left to right во 
that its velocity is'ab every point proportional to the distance from 8. 
At the same time he supposes a point Q moving along the line T, oo 
with uniform volocity (the same as that of P initially). 
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Let P, and Q, be the corresponding positions of the two points; 
Napier defined the number representing T, Q, as the logarithm of the 
the number representing SP,. Thus, the logarithm of the whole sine 
or 107 is zero. 


Put into the language of the differential calculus, this kinematical 
definition is equivalent to the integration of the differential equation 


dy e 
di 4 cy 0, 


Where SP, —y, T, Q, =X, and the initial velocity of both particles is 
er (r being the radius). 


As X=crt, 
We get а=. log (=) 


Thus Log ,,, y=? log (=) 


Napier easily deduces from his definition that as the lengths T, 0, 
increase in A. P., the corresponding lengths SP, decrease in G. P.. 


After defining Logarithms as above, Napier deduces the following 
properties of products and quotients of two sines or numbers :— 


It s— then L (=D (m)+L (9) (1) 
It = — "then L (s)=L (m)—L(») (2 
= (henlL(m)-L()-L(m)—L(») (8) 


[N.B. With Napier L (m'n) is not L (m)+L (n), nor L (=) is 
L(m)—L (ny). 


Further, he obtains two remarkable theorems about the superior 
and inferior limits for a logarithm andfor the difference of two 
logarithms which he made the basis of the calculation of his Canon. 
They are, з and y being two sines or numbers, and Ф>у:- 


(107 —2) = > L (e) > (101—8), (4) 


т (0—8) , (5—2 
10° SZE »L()—L(y» 10 сЕ (5) 


АП these theorems are now easy to establish from the index 
definition of the logarithm and the series for log (1+2), but in Napier's 
day, as already stated, these were not known and N: apier had to deduce 
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them all from his kinematical definition and the propositions about 
limits he had established, in the strict Euclidean fashion, іп his 
Constructio. i 


The rest of the construction of his Canon was plain sailing. Having 
obitined the limits as in (4), Napier applies it to his First Table. He 
takes the second number in that Table viz. 10'—1. According to (4) its 
logarithm lies between......1:0000001 and 1:0000000 and Napier takes 
the A.M. 1 00000005 for the required logarithm. As the subsequent 
numbers are in G.P. with the first two, the logarithm of the last number 
in the First table, is the 101 st term of an А.Р. whose first term 
is zero and commor difference is 1-00000005. 


Theorem (5) is employed to obtain limits for the logarithms of 
numbers nearly equal to a namber in the First Table. Thus from the 
logarithm of the last term in the First Table, we pass, by means of— 
(5) to the logarithm of the Second termin the Second Table and we 
find by taking the A.M. of the limits given by (5), the logarithm to be 
100:0005000. Asthe remaining 49 terms іп this Table are іп G. Р. 
with the first two, the logarithm of the last number in’ the Second 
Table, being the 51st term of ап A. P. whose first term is zero and 
common difference 100-00050C0, is of course, 5000-0250000. 


Napier then passes from the last term of the Second Table to the 
second term of the first column of the Third Table and by similar 
application of theorem (5), obtains its logarithm as 5001-250417. This, 
then, is the common difference of the logarithms of the twenty-one 
numbers in the first column of the Third Table which are іп G. P. We 


obtain thus the logarithm of the last number in the first column of the 
Third Table and the passage from that to the logarithm of the first 


number of the second column is easy and the latter is found to be 
100503-358. As stated above, the top numbers are all in G. P. and we 
can write down their logarithms, knowing the logarithms of the first 
two of them. The second term in each column is à number differing 
slightly from the first, and again by the application of (5) we obtain the 
logarithm of each of the second numbers іп each of the 69 columns. 
Thus, when we know the logarithms of the first two numbers in each 
column we can find the logarithms of the rest. 

The results of all these calculations forthe Third Table were 
embodied by Napier in a Table called by him the Radical Table. Both 
Professors Hobson and Carslaw have given this Table in their papers 
the same as in Macdonald’s Translation of the Constructio. 

The Radical Table would, thus; give the logarithms of the sines of 
all angles between 30° and 90° , with the help of Theorem (5). The 
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sings. or numbers contained in the Table are ‘dense enough -and. 
intercalatjons would be pune easy by the help of this й 
Theorem. оор) 


То obtain the logarithms of sines ог numbers not included іп. ће 
limita of the Radical Table, Napier gavetwo methods :— pr» 


. (1) He calenlated,a Short Table containing the difference of thé. 
logarithms of two pines of which the ratio is compounded of the ratios 


2:land10:1 ` : "ONU 
'(2) He uses the formula ` Я je wd 


T^ Gs ENT oZ n 
7 Sin 26— sin 8 Sin (5 в) 


4 


which gives L(Sin 26) +1(5) =U (Sin 6y+1] Sin (3-9) | 
and the table of logarithm of sines can be oxtended to lee and- thence? 
to 7° —30' and so on. . SUD 
Im 
Prof. Hobson has given the Short Table and explained its тіне 2h, 
pp. 36 and 37 of his Lecture (Vide Arts. 58 and 54 of the;Constructio). - 


Napier thus constructed his Principal Denon of logarithms of sines 
of angles in the whole quadrant for r—107. And we cannot render 
our description of the great invention more illuminating than in the 
words of Lagrange “ав for the rest, since the calculation of logarithms ia 
now & thing of the past, except in isolated instances, it may be thought 
that the details into which we have entered are devoid of value. We- 
may, however, justly be curious to know-the trying and tortuous paths. 
which the great inventors have trodden, the different steps which they ' 
have taken to attain their goal, and the extent to which we are indebted 
to these veritable benefactors of the human race. Such knowledge,. 
moreover, is not matter of idle curiosity. It can afford us guidance in. 
similar enquiries and sheds an increased light on the eee with: 
which we are omployed.” ` . : 


As a mathematician, Napier's claims to high recognition rest on " 
invention of the Logarithms. Such claims have been contested on the 
Continent on behalf of Jobast Bürgi (1552-1632), a Swiss Watchmaker ' 
and Tnstrument-maker, who invented a system of Logarithms. As 
pointed oùt by Dr. Glaisher, in his article on Logarithms in the’ 
Encyclopedia Britannica Bürgi's work known as “the Arithmetische ' 
and Geometrische Progress Tabulen," the priceless Dantzic copy of ' 
which was exhibited at the Napier Tercentenary at Edinburgh, is really 
a Table: of anti-log&rithms. “As remarked by Dr. Hobson, Burgi’s:- 


John Napier—His life and Work. 31 


system is inferior to that of Napier, and the knowledge of the use of 
the Logarithms which was sprend in the Scientific world, was entirely 
due to the work of Napier.” 


Among the other works of Napier, we need hardly deal with his 
“Rakdologia” which is now out of use, although ‘“Napiex’s bones" were 
at one time in much request both in Great Britain and on the Conti- 
nent. But we cannot overlook his work on Arithmetic and Algebra 
known ав “De Arte Logistica," а work which Napier had to lay by in 
order that he might devote himself, heart and sonl, to the work of the 
invention of the Logarithms. This work possesses an “independent 
value as affording evidence of the exact state of his Algebraic know- 
ledge at the time when Logarithms were invented. But even if he had 
written nothing and invented only the calculus of Logarithms, Napier’s 
would have been an abiding name in the history of Mathematics. 


In an unpublished inaugural address on “John Napier, Baron of 
Marchiston, Prof. Chrystal said “whether we consider the great 
originality of the idea, the difficulty of carrying it into effect in the 
state in which Algebraical analysis then was, or the immense practical 
and theoretical value of the invention, we shall have little difficulty in 
claiming for Napier the honour of a discoverer un-surpassed іп brilli- 
ancy in the history of Mathematics The German poet Novalis said 
“what Logarithms, are to the Mathematics that Mathematics are to 
other Sciences.” And we may agree with Dr. Glaishert hat “ with 
the exception of the Principia of Newton, there is no mathematical 
work published in the country which has produced such important 
consequences or to which so much interest attaches as to Napier’s 
“Descriptio.” І 
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l. Introductory remarks. 


In the present paper all functions’ are rational and integral in a 
finite number of algebraic variables т, y, z,..., the co-efficients being 
given algebraic numbers; and all matrices are such that their elements 
are rational integral functions of those variables. The first four articles 
are purely descriptive, and contain no complete proofs. 

By the degree of a non-zero function is meant its total degree in all 
the variables, 1.6 the greatest value of the sum of the indices of z, y, s,... 

in the various non-vanishing terms of the function. The degree of а 
non-zero matrix, or of any non-zero row of a matrix, is the highest 
degree of its various non-vanishing elements. The degree of a non-zero 
function or matrix cannot be less than O. We shall sometimes speak 
of degrees less than O and consider that a function vanishes identically, 
or that a matrix ог a row of a matrix has rank О, i.e. vanishes 
identically, when and only when its degree is less than O. 


The horizontal rows of a matrix A=[a]" are connected or unconnected 
according as there does or does not exist a rational integral equation 
of the form [A] a1". =O in which the elements of [^], do not all 
vanish ideütically, the equation being an identity in the variables 
#,y,#,... Similarly the vertical rows of the matrix A=[a]" are 
connected or unconnected according as there does or -does not exist a 


rational integral equation of the form ат”, СА =O in which the elem- 
ents of k , do not all vanish identically. 


A matrix |а) consisting of a single horizontal row is connected 


with the horizontal rows of the matrix A=(a]" when there exists a 


^ 
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ratichal integral equation of the form 
ofa], ІМ, Га)" © (1) 


! 


in which o does not vanish identically ; and similarly a matrix 'a con- 
^ — нњ 
2i e 


sisting of a single vertical row is connected with the vertical fows of 
the matrix A=[a]" when there exists * rational integral equation 
of the form 

JOLIONUA 3) 
in which о does not vanish identically ; the equations (1) and (2) being 
identilies in the vaviables w, y, s... . 


w.' If [c], ес, 642.46, lis connected with the horizontal rows of 


the undegenerate matrix [a]; whose rank is r,and if this conneotion 
is expressed in the two forms 
m [c], =[Ф,ф,...ф,) [а]" , wc], zv, v] [a] M 
where w and o' do not vanish identically, we must have 
А w [Ф,Ф,...Ф.] шө [Vis He] 

Therefore yw, vanishes identically when and only when Ф, vanishes - 
identically, 1 being any one of the integers 1,2,...е. 

If A=[a]” is any matrix of rank r whose elements are rational 


integral functions of a. y, s,.. ., and if i is any one of the integers 1, 2,.. 
the H.C.F. of all minor determinants of A of order: is denoted by D., 





and we call ) wu І X us 
i Dy, Dy, рр ) 
the mazimum factors of A of orders 1, 2, 9, ... 7. . To these functions 
we add D, defined by the equations D,=1. The fanetion D, is neces- 
sarily divisible by D,- mm and if E, = = P: , we call 
tf М 


E, By, E,,.. E, 
‘the potent factors of А. of orders 1, 2, 3;...". Hach of Peng eee 
after the first is divisible by the preceding function. 

The irreducible factors of D, and EH, are “all: included TTD thé 
irreducible factors of D,, which, are the same as the irreducible factors 
of E, ; and the irreducible factors of D, or E, ave called the irreducible 
divisors of A, 1 D, is expressed as.a product.of powers of irreducible 


ES 
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divisors of A, the factors of D, are called the maximum divisors of A 
of order 4; and if E, is expressed as a product of powers of irreducible 
divisors of A, the factors of E, are. called the potent divisors of À of 
‘order 7 
eL he last threo sets of quantities all have reference to ‘some (usyally 
` the sfnallest possible) domain of rationality Q in which all the elements 
of A lie, an irreducible function being one which lies in Q and is 
„irreducible in О, When 0 is not specified, it: will be understood to be 
unrestricted, and in that case the irreducible divisors of A are its 
trresoluble divisors. . í 
The matrix A is called impotent when it has no potent divisors. 
This is the case when and only when E, is а non-vanishing constant 
which we can take to be 1; also when-and only when D, ів а ñon- 
vanishing constant which we can take to be 1; and then all the D's and 
“Ев are non-vanishing constants, and we can write 


D,=D,=... =D,=1, E,=E,= ... =E,=1 
-A rational integral equation (t.e. identity in v, y, z,...) of the form - 
D ^ n - 
[ay (alt (ay = ОЙ | (3) 


in which ГА? and p are undegenerate and impotent matrices of 
тапЕвр and q is called an equipotent transformation converting the 
matrix A=[a] into the matrix B-[b * It isso called because it 
leaves the rank and the potent divisors of A unchanged. 

A rational integral equation (2:6. identity in ғ,у,2,..) of the form (3) 
in which [Ay and Du are undegenerate matrices of ranks p апа д 
whose elements are all constants is called an equigradent transformation 
converting the matrix A- [a]! into the matrix B=[b]" . It ія во called 
because it leaves not only the rank and the potent divisors of A, but 
also the primitive degrees and the non-zero ‘minimum degrees of 
connection of A unaltered, 

In this paper the properties of an equipotent transformation men- 
tioned above are regarded as known. 
2. Mutually equivalent matrices. А Е 

Two matrices A= [а]? and веры hows уан orders are equal 


_ are horizontally equivalent to one another when every horizontal row 
of A is connected with the horizontal row of B amd every horizontal 


H 
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row of В is connected with the horizontal rows of A. When this is 80, 
there must exist equations of the forms : 


el, [a = [4], BIT, 2097, BI = (977 [Del SD 
where '[e], and [o'], are undegenerate quasi-scalar matrices, andalso 


equations of the forms 
. of =i, (005, =), [3 , — (2) 


where о and w’ do not vanish identically; the equations being identitios . 
in the variables 2, y, 2,....... - We ean derive equations of the form (2) 
from (1) by prefixing the conjugate reciproeals of '[e], and '(w'] ; 


and we can derive equations of the form (1j from (2) by cancelling on 
_ both sides factors of the successive horizontal rows of (vy which are 
also factors of w, or factors of the succeasive horizontal rows of wy; 


~ which are also factors of о. From (1) or (2) we see that the rank of 
A cannot exceed the rank of B, and that the rank of B oannot exceed 
the rank of A. Therefore when A and B are horizontally equivalent, 
they must have equal ranks. The most useful necessary and sufficient 
conditions that A and B shall be horizontally equivalent are as follows: 


If the matrices: A = [a]. and B — [^]; have the same rank, they are. 


horizontally equivalent when and only when every horizontal row of В їз 
connected with the horisontal rows of А, i.e. when and only when there 
exists an identity of in-z, y, z, of one of the forms 


e[b, = [917 [9]; 


"a rol, GI = С) Гај", (3) 
where о Æ 0, and * [o], is ап undegenerate quasi-scalar matriz. ) 

If s Ет, then in all cases the twò matrices A = са)" and В = г)? ате 
horizontally equivalent to oue another wken and only when there erists an 
. identity in т, y, t,...0f one of the forms (3) in which (917 4s an «ndegenerate 
matris of rank v. l , 

Two matrices A = [a]. and B = [5]. whose horizontal orders’ are 
equal are vertically equivalent to one another when every vertical row 
of A is connected with the vertical rows of B aud every vertical row of 


Bis connected with the vertical rows of A. When these two matrices A 
` and В are vertically equivalent, they must have equal ranks. The most 
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useful necessary and sufficient conditions for their vertical equivalence 
are as follows ; А А 

і If tke matrices А = Га)” and B = [^]. have the same rank, they are 


vertically equivalent when and only when every vertical row of В is connected 
with the vertical rows of A, i.e. when and only when there exists an HER 
fn 2, y, ae . of one of the forms 


ә [b] = (a) ($15. Ы) el = [477 [5 (9) 
where о + 0, and *[w] is an wudegenerate quast-scalar matriz. 

If s & r, then in all cases the two matrices A = [a] Е and B= 5]? 
are vertically equivalent to one another when and only when there exists 
an елігу за 54 z.. of one of the forms (4) in which [$] 18 an 
undegenerate matriz of rank т. 


When two similar undegenerate matrices are either horizontally or 
vertically equivalent to one another, we can omit the qualifying term 
‘horizontally’ or ‘vertically’, and speak of them as being simply mutually 
equivalent. There isno ambiguity in doing so; for there could only 
be ambiguity when the matrices are square, as well as undegenerate and 
similar, and in that case they have both- horizontal and vertical 
equivalence. 


Thus if A= [а]? and В = [5]" are two similar undegenerate 


matrices of rank r, they are mutually equivalent when and only when 
. there exists an equation of the form 


o (5)? = [eX Та) 


n 


(5) 


T 
in which w0; and if A= [a]. and B= or, are two similar 


undegenerate matrices of rank т, they are mutually equivalent when 
and only when there exists an equation of the form 


ә [b]; = [ә] (8) (6) 
in which.» Æ 0. In both the equations (5) and (6) the square matrix 
[$]" is necessarily undegenerate. 

А 
Ех. If the two matrices A= [a]? and B= Du are horizontally 
- equivalent to one another, a one-rowed matrix (е, Caen] i8 connected 
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with the horizontal rows of A when and only-when it is connected with 
the horizontal rows of B. 


3. Primitive one-rowed а. 


“А iis. (а, а,...а,| consisting of a single Қ ыны row ів 
primitive when it is undegenerato and impotent, i.e. when it is, @ non- 
zero matrix whose elements have no common factor other ihan a non- 
vanishing constant. When it is a non-zero matrix but not primitive, 
‘it can be expressed in the form - 

(а, a,...a,] = о [h, A wh à 
where w is the H. О, F. of all its шер, and then [h, A,...4,] is 


primitive. ` 
Primitive matrices EU of a single vertical row are defined 


іш a similar way. 
The following theorem will he useful in n later 'artioles. . 


If A= = [а] із а matriz whose horizontal rows ave unconnected, 1.6. an 
md ate matrix of rank v, and if [h, h,...h,] їв а primitive one-rowed 
matriz connected with the horizontal rows of A, then there exists a rational 
integral identity in the variables æ, y, 2,...of the form 


E, [^, h,...h.] [f], (aJ; ‘ | ш 


where E, і the potent factor of A of order т. 
There Sorpa oxista a rational integral identity of the form 
o [h hah = [apo ^ RC) 


in which w+ 0 and IN is primitive. The function о must then be a 
factor of E,, and there exists в rational integral function w such that 
ww'=E,. Multiplying both sides of (2) by «, we obtain an identity 
` of the form (1). 
4. Primitive matrices in general. 
Let the degrees of the successive horizontal rows of the matrix 


= [a] bee, ,з.-6,. Then А will be said to be an underanged 


hartroutally primitive matriz when the following conditions are satisfied : 


(1), The horizontal rows of A are unconnected. 

(2). There is no non-zero one rowed matrix connected with the 
horizontal rows of A which has degree less than e,. 

(3). There із no non-zero óne-rowed matrix -connected with the 


horizontal rows of A but not with the horizontal rows of [a]; ; 
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. which has degree less than ¢,, this being true for all the 
values 2, 3,...7,0f 1. 

These conditions can clearly only be satisfied when the integers 
€; €5,..€, (which are not necessarily all different, and not necessarily 
all different from 0) are arranged in ascending order of magnitude. 
They'e&n be replaced by the following conditions, which are equivalent 
to them : 


(19 [a,, 2,,...3,,] із а non-zero one-rowed matrix of the lowest 
possible degree connected with the horizontal rows of A. 


(2') [a,, а,,.-а,,|ів & non-zero one-rowed matrix of the lowest 
possible degree connected with the horizontal rows of À but 


not with the horizontal rows of (a) 1? this being true for all 
s = 
the values 2, 3,...7 of 2. ` 

The necessary condition that the horizontal rows of A are un- 
connected is included in (17) and (2). 

If A is not an underanged horizontally primitive matrix but can be 
converted into one by derangements of its horizontal rows, it will be 
called a deranged horizontally primitive matriv. In general A is 8 
horizontally: primitive matrix when it is either ап underanged 
horizontally primitive matrix or a. horizontal ‘derangement of such o 
matrix. It is only possible for a matrix to be horizontally primitive 
when its horizontal rows are unconnected, and are all primitive. 

Т A= (a). is any matrix of rank r, any horizontally primitive 
matrix which is horizontally equivalent to A, must be an Zundegenerate l 
matrix of rank r whose horizontal rows are unconnected ; and В=[5]" : 
will be an wnderanged hori.ontally primitive тайгі о horizontally equivalent 


іо А when and only when the following conditions are satisfied: 0.7 


а”) [b bianda] is а non-zero one-rowed matrix of the lowest 
possible degree connected with the horizontal rows of A. 


02"). [b,, b,,...b,,] i8 а non-zero one-rowed matrix of ће lowest: 
possible degree connected with the horizontal rows of A but 


‘not with the horizontal rows of 5)" i this being true for 
all the values 2, 3,...7 of i. e. 
‚ For when. B=)" is a matrix of rank r horizontally equivalent to 


A, the non-zero one-rowed matrices connected with the horizontal rows" 
of В. are identiéal with the non-zero one-rowed matrices:conrieeted- with) 
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the horizontal rows of А, and the conditions similar to (17) and (2') that 
B shall be an underanged horizontally primitive matrix lead to (17) 
and (2"). Conversely when the conditions (1") and (2”) are satisfied, 


B=[ by" is an undegenerate matrix of rank r whose horizontal rows are 


connected with the horizontal rows of A; it is therefore horizðntally 
„equivalent to A ; therefore the non-zero one-rowed matrices connected 
with the horizontal rows of A are identical with the non-zero one-rowed 
‘matrices connected with the horizontal rows of B, and it therefore follows 
from (1”) ала (27) that Bis an underanged -horizontally primitive 
matrix. 


Of course B is a horizontally primitive matriz horizontally equivalent 
to А, when itis either an underanged horizontally primitive matrix 
horizontally equivalent to A, or is a horizontal derangement of such | 
a matrix. 


I£ o=[e]” is any undegenerate matrix of rank y horizontally 


equivalent to A, in particular if'C is any undegenerate horizontal 
minor of A of reduced order r, then the horizontally primitive matrices 
horizontally equivalent to A are the same as the horizontally Rune 
matrices horizontally equivalent to C. 


We can in a similar way define a vertically primitive matriz and 
those vertically primitive matrices which are vertically equivalent to a 
- given matrix. Tt is only possible for а matrix to--be vertically primitive 
when its vertical rows are unconnected, and are all primitive. A - 
vertically primitive matrix is underanged when its vertical rows are so 
- arranged that their degrees are in ascending order of magnitude. 


When а matrix whose orders are given is either horizontally or 
vertically primitive, we can omit the qualifying term ‘horizontally’ or 
‘vertically’, and speak of it simply as being primitive. There із no 
ambiguity in doing во ; for there could only be ambiguity if the matrix 
were square,and in that case (see Ex. iv of Art 6.) it is horizontally 
primitive when and only when it is vertically primitive. 


Ex, If 4=[а]" is au undegenerate and impotent rational integral 


functional matria of rank т whose elements are all homogeneous and linear 
tn the variables, it must be horizontally primitive. 


In this case we can take the potent factor of A of order ғ to be 1, 
and if [A, h,...h,] i is any primitive one-rowed matrix connected with 
the horizontal rows of A, then by Art. З there must exist a rational 
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integral equation of the form 


r н 
ГЪ, 4, A, = НЫ 
Since the right hand side vanishes when the variables all vanish, по опе 
of the elements of [^], “can be a non-vanishing constant, and [A]. can- 


not have degree O. Thus there is no one-rowed matrix of degree O. 
connected with. the horizontal rows of A, and therefore A must be 
prinutive. 


5. Some tests for the primitivity of a matrix. 
We consider here certaiu tests for the horizontal primitivity of a 
matrix A=[u]" whose horizontal rows ure uncounected. There are 


similar tests for the vertical primitivity of & matrix whose vertical 
rows are unconnected., 

First let the degrees of the Ist, 2ud;..rtk horizontal rows of A be 
€,, €, .6€,, Where these ure positive integers (not necessarily all 
different, und not necessarily ull different from О) arranged in ascending 
order of magnitude, so that if A is horizontally primitive, it must be an 


underanged horizontally primitive matrix. In this case A is horizontally 


primitive when and only when nuy one of the following three equivalent 
sets of conditions 1s satisfied, where in each case ф, is some rational 
integral function which does not vanish identically, and all the values 


_ 1, 2, ..r cun be ascribed to 1. 


СА). In every raticual integral identity ін x, y, z,...of the form 
(8, ba Gs] [a], = be [hy А.л.) (1) 


dn which ф,, Ф, aves, do not all canish identically, the тайх [A] п has 


degiee not less than €,. 


(В). Inevery satioual integral identity in в, y, 2,...0f the form (1) in 
which ф, does not vanish. identically, the matrix [h has degree’ not less 


than €,: 
(С). In every rational integral identity in т, y, z,...0f the form 
п 
Lh, Ф,...Ф,1 [a], = ф, [hi hea] (2) 
tu which ф, does not vanish identically. the matrix [h], has degree not 
lese than «, , B 


The test (A) needs no proof, for by the example in Art. litis 
merely au analytical formulation of the definition. of Шы 
primitivity given іп Art. 4. 
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Ifthe matrix А ів horizontally primitive, then the conditions (A) 

must be satisfied, and it follows that the conditions (B) and (С) must be 

satisfied. Thus (B) and (C) are necessary conditions for the horizontal 

` primitivity of A, and it only remains to show that they are also sufficient 

conditions. e 
. 


If the conditions (B) are satisfied, then in every identity of the 
form (1) in which $,, $,,,,...0, do not all vanish identically, the 
. degree of [^]. ів not less than some one of the integers e,, €,41,...€,, 


&nd is therefore not less than e, ; consequently the conditions (À) are 
satisfied, and therefore A is horizontally primitive. 


If the conditions (C) are satisfied for all the values 1, 2,...r of f, 
then in every identity of the form (1) in which ¢,, $,,,,...9, do not 
all vanish identically, the degree of [А], ің not less than e,, where ф, 


is the last of the functions ф,, $,4,,...6, which does not vanish . 
identically. Since «4% and e, {c,, it follows that the degree of [A], is 


nob less thane,. Accordingly the conditions (A) are satisfied, and 
therefore the matrix A is horizontally primitive. 


Thus each of the sets of conditions (B) and (С) is sufficient as well . 
as necessary for the primitivity of A; and this proves the tests (B) 
and (C). 

If no horizontal row of A vanishes, we must consider that no one 
of the integers €,, ¢,,...€, ig less than О. In this case each of the sets 
of conditions (А), (В), (б) includes the necessary condition that the 
horizontal rows of A are unconnected, and this condition is superfluous ; 
for when any one of the sets of conditions (A), (B), (C) is satisfied, 


there cannot exist any relation of the form (Фф, 4,...¢,] [a]; =0 in 


which ф,, ф,,...ф, do not all vanish identically. 

Tf we retain the condition that the horizontal rows of A are 
unconnected, then in applying any one of the foregoing tests there 
will clearly be no loss of generality if we restrict [h], to be a primitive 
one-rowed matrix, and then by Art. 3 we can always take ф, to be E, , 
the potent factor of A of order 7. 


Next let the degrees of the lst, 2nd,...rth horizontal rows of A be 
81, 8...8.) Where these are any positive integers arranged in any order, 
Та this case we have the following two results, in each of which ¢, is 
some rational integral function which does not vanish identically, and 
all the values 1, 2,...7 are to be ascribed to 7. 


Primitive matrices and the primitive degrees of a matriz. 48 


(А). The matric A=[a]" із. ап underanged horizontally primitive 
matris when and only when in every rational integral identity in т, y, 2,... 
of the fosm : 
i [$1 %,..Ф,1-%. [h banha] (1) 
in whidi ф,, d... do not all vanish identically, the matriz [h], has 


degree not less than 8,. : 

(B). The matrix A=[a]" із horizontally primitive when and only 
when in every rational integral identity in т, y, 2, ..of the form (1) in 
which p, does not vanish identically, the matriv [h], has degree not less 
than s,. ` 


The test (A’) needs no proof, for it is merely an analytical formula- 
tion of the definition of underanged primitivity given in Art. 4. It 
will be observed that the conditions (A’) can only be satisfied when 
81) 84,...8, are arranged in ascending order of magnitude. 

The test (B’) follows immediately from the test (В). ` 

When the horizontal rows, of A are known to be unconnected, then 
in applying the tests (А”) and (B’) we can without loss of generality 
restrict [A]. to be primitive, and take ф, to be E, , the potent factor of 
A of order 7, 

Hai. If А=[а]? te а horizontally primitive matriz, then every 
horizontal minor of A $s uudegenerate and primitive; in particular every 
horizontal тою of A їз undegenetate and primitive. 

This follows from any one of the tests given above. 

Ег. ii. If A=[a]" is an undegenerate and impotent matris of rank 
тіп which every horizontal row ts homogeneous in the variables, then А 
must be horizontally primitive. ‘ 

Let the horizontal rows of A be so arranged that their successive 
degrees 6), ¢,,...€, are in ascending order of magnitude. Then since 
we can take the potent factor of A of order rto bel, it follows from 
the test (C) that if A is not horizontally primitive, there would exist 


for one of the values 1, 2,...7 of a rational integral identity in the 
variables of the form І 


(9, bs] [a] = (M, (3) 


in which Ф, 4-0, and [A]; is & primitive one rowed matrix whose degree 
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із less than e,. Ву eqnating to zero the terms of any degree not less 
than e, which осоп” in the prodnet on the left in (3) we should then 
obtain an identity of the form 


h E 
М be Tp" = 0 () 
5 . 
in which V, , Yp. Y, ave homogencous functions which do not all vanish, 
their degrees т), 7,,...7, being such that 
T, +e, =т He =n ET, Бе, 


This however is impossible because the horizontal rows of A аге 
unconnected. Consequently A must be primitive, 


6. The primitive degrees of a matrix. 


The definitions of the primitive degrees of any matrix A=[a]” of 
m 


rank r whose elements are rational integral functions of the variables 
т, Y, z, depend on the following two theorems. 


Theorem І. lf B=[0]" and Be] are any two underanged 


horizontally primitive matrices which are horizontally equivalent to A, 
and if the degrees of the suceessive horizontal rows of B and B' ање 
respectively €i, €4,...€, ANd еу. gyt, then: > 


- 


(1). есе), d, meg, =e. 


(2). р)" and р)" are mutually equivalent whenever €, +12 є,. 


Theorem II. Jf B=] anl B'-[vy me any two «nderauged 


vertically primitive matrices which are vertically equivalent to A, aud if 
the degrees of the succosatre vertical rows of В amd В! ave respectivety 
Nis Nar and Ж ъл о then: 


(1) MEM, Va ENN mme - 
(2). [5]. aud (07 К are mutually- equivalent whenecer 4,419,- 


Неге? is any one of the integers 1,2,...е; and ench of the series 
(е,, ere), (6,, cues Оһ, ssh). QV Var) consists 
of r positive integers arranged in ascending order of magnitude Тһе 
v integers in each series are however not necessarily all different, and 
some or all of them may have the value O. 


We will prove the second theorom only, the proof of the first 
theorem being sinvilar; and we will deduce Theorem II from the results 


4 
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obtained in the three special cases which follow, where for the sake of 
brevity we nse the notations. 


== = А - - 
bi b А ae 
ГА | € 
is 2 Жаа. 2 
i= ce š i= Tí l ә 7,— zu ; E 
e П | р 
е Lb, і Daraa СТ 


Cast 1. Suppose Най, 0, 22), шге all different. 


In this case tho following statement is true forthe values 1, 2,... 
т—1 of 2, 


Ervery mon-.ero one-roued таһ(в connected with the vertical rows 
of A but not with the retical rows of [b] hax degree greater than q,. (1) 
id m 
Since 1/, is defined in exactly the same way as b,, we must have 
af 3—15, and it follows from (1) that bh’, is connected with b,. so that 
1 1 . 
[0] „and LN але mntually equivalent. 
Therefore 17, can be defined in exactly the same way ns b,, and 
we must have y',—3,. Tt then follows from (1) that I, is connected 


: = 2 2 42 
with the vertical rows of [b], , so that [^]. and [b] nre mutually 
H n 


equivalent. 
1 


Continuing іп this way we see that »',—»,,and that [b], and 


t М * . . 
[5] are mutually equivalent, this being true for all the valnes 
1, 2,...r of 7. 


Accordingly Theorem TT is time in Case T 
Cass IT. Suppose that ау E~ =. n =EN =E and that hey >h 


It is assnmed that «<р, hnt it will be shown that the results 
obtained in this case remain time when e=7, the condition 7,4, >% 
being then omitted. 


From the definition of nu underanged vertically primitive matrix 
we see that the followiug two statements are trne. 


No non-zero one-rowed matriæ connected with the vertteal rows of A 
has degree less than q. (2) 


Еһ егу non-zero one-rorced maliz connected with the vertical rows of A 
but not with tke vertical rows of [^]. has degree greater than т. (2) 


Since b', is defined in exactly the same way as b,, we must have 
$229,225; and it follows from (9) that b’, is connected with the 
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vertical rows of [5]. . Wo may suppose withont loss of generality 
that there exists a rational integral equation of the form 


& F3 
oV cp, Ay қ 
. 


in which w and u, do not vanish identically (this being necessarily the 
case when a suitably chosen vertical row of [] is brought to the 
т 


1, s- 


final position), so that [W, БІ" and [b]; are mutually equivalent. 


m 


i —1 
Then because every vertical row of [5] is & non-zero matrix of 
m 
H 
degree 3) connected with the vertical rows of A but not with [57] 
m 
we see that n, n. Therefore by (2) we must have у, =y; and it 


follows ‘from (2') that b', is connected with the vertical rows of pj 
m 


1, à-1 


and therefore with those of (V, b] Since Б, is not connected 


т 
with М), we шау suppose without loss of generality that there exista 
a rational integral equation of the form 


XU 
o, = [V t, 
т nul " 8-1 
in which о and р, _, do not vanish identically (this being necessarily 
the case when the vertical rows of (oy are suitably arranged), so that 
"m 


2, s-2 
т 


(ы, b] and (9,8 pt or (М; are mutually equivalent. 


Then because every vertical row of Б is a non-zero matrix of 
degree 7 connected with the vertical rows of А but not with the 
vertical rows of (T we see that 7',7. Therefore by (2) 
we must have (шү; and it follows from (2) that . b’, is 


connected with the vertical rows of [b]. and therefore with those 


Primitive matrices and the primitive degrees of а matrix. 47 


ы 


of ГУ, jj^ 2 . Since У, is not connected with the vertical rows of. 


Гь, bj , We may suppose without loss of generality that there exists a^ 
‘rational integral equation of the form 
. 


2, s—2 X li 
o b, = [Ь, 2а n 
2, s—2 


in which w and »,_, do not vanish identically, so that ГУ, by 7 ай 
, 2,4-2 8 f 
Ь, DM or L^), are mutually equivalent. 


Continuing in this way we see that: 

In Case II we must have 7) = 1, =... =, = р; and [^]. and 
[v L. are mutually equivalent. 

If; = 7, we must replace (2) by. the statement that every non- 
zero one-rowed matrix connected with the ‘vertical rows of A is connect- 
ed with the vertical rows of [^], . , and we then obtain the same results, 

If « < r, the matrix 0',,, can be defined in exactly the same way 
ав b,,,, and we must have 7',4, = 9,4, > 3. 


САБЕ ПІ, Suppose that Ne L M Nugi = Mets — oS = Megs 0 
еже > 7; and suppose that it has been proved that т! = т, т," = Ma, 


«Me! = Na, and that Г)" and AM are mutually equivalent. 
It is assumed that u + 1 > landu +s < r, but it will be shown 


that the results obtained remain true when u + s =r and the condi- 
tion 9,4,,4, > 7 i8 omitted, 
А Б r fe, 7-8 
We will write Ы), = [b, с, а)” 
Then in this case the following statements are true. 
No mon-sero one-rowed matrie connected with the vertical rows of A, 


` 


but not with the vertical rows of the mutually equivalent matrices [b]" and 
т 
[V]^ , can hate degree less than y. (3) 


Every non-zero one-rowed matriz connected with the vertical rows of A, 


but not with the vertical rows of the mutually equivalent matrices [b, 2M " 
n 


(3) 


and ТУ, 2M ° has degese greater than n 
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Since b's}, can be defined mm exactly the sang way ав 0,1, we 
must have 7/44, = Ne- = 7: and it follows from (3') that b',,, is 


connected with the vertical rows of |, qz i 
а t 


Because ıt 1s not con- 


nected with the vertical rows vf LAM ; We may suppose without loss 
e 


of generality that there exists a rütional integral equation of the form 


Я “ 


P РЕ " Hon А - = 
els. mI, y 
— 4, 


и+1, 8—1 


n 


in which о and р, do not vanish identically, so that [U', c] and 


4 N, S u,» 
[u,e]? or [b, c] ave mutually equivalent. 
in іш 


Then because every vertical row of [c] is a non-zero matrix of 


i= 

“ih 

degree y connected with the vertical rows of A but not with the vertical 
1 , ry 

rows of [iy , we soe that 7/.4. w. Therefore by (3) we must 


have y,., = 7, and it follows from (37) that b's}, 15 connected with the 
А Petes 
vertical rows ot |, c] т ” and therefore wth those of [V, qt баны 5 
B I n 
at] 


m 


but not with those of [4] Accordingly we may suppose without 


loss of generality thut there exists a rational mtegral equation of the 
form 


Lowe: 
utie-lLA " 
9 Из = (0,6) ” в 
іш 
= u+ l, 8—1 


in which e and p,_, do net vanish identically, so that 


(ы, 4 u-2,:—2 and |0,4) utl, s= 


1 и, 8 
or [0, с are mutuall 
m m [ 3 | т Ө 9v y 
equivalent. 
Я 8—2, 

Then because every vertical row of [n], ік a non-zero matrix of 
degree 1 connecíed with the vertical rows of A but not with the vertical 
Қ n42 

rows of [0] , we see that 9,44 > 9. Therefore by (3) we must have 
ін 


Hers = x; and it follows from (3 that /,,, is connected with the 
vertical rows of [b, c] к 7, and thexcfore with those of [Ud] еее 
nt т 


I 2 
but not with those of [ops Accordmgly we may assume without 
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loss of generality that there exists a rational integral equation of the 
form RS 9 


pe 
.Х.-2А 
o d=, = w, e], : " 
wu +2, 8—2 . 


. % РЕСІ : | 444+3, 6—8 
in which o and u, do not vanish identically, so that [b’, c] 5 ; 
u +2, »—2 
m 


and |9,2) or [b, c] n * are mutually equivalent. 


- 


Continuing in this way we see that: 


In Case ПІ we must have hupi = hlupe — 2s = Nene = V; and 
wee u, 8 : ups mH 
[V]. and [5, c], are mutually equivalent, i.e., [^]. and ІШ 


ате mutually equivalent. 


If u+s = v, we must.replace (3') by the statement that every non- 
zero one-rowed matrix connected with the vertical rows of A is connected 


with the vertical rows of г)” , and we then obtain the same results. 


If u +. < 7, the matrix 0,,,,, can be defined in exactly the same 
way ав b,4,4,, and we must have урур = 9.4.41 > 7 


From the results obtained in Cases П and ПІ it follows by induc- 
tion that Theorem II is completely true; and in a similar way we 
can show that Theorem I is completely true. 


Now as before let A = [a] 2: be any given matrix of rank v. 


If B = [^]. is any underanged horizontally primitive matrix what- 


ever which is horizontally equivalent to A, and ife,,«,,....e, are 
the degrees of the Ist, 2nd, . .. rth horizontal rows of B, it follows 
from Theorem I that the integers е), €,,..... є, are always the same. 


We call them the hort:ontal primitive degrees of A. They are v positive 
integers arranged in ascending order of magmitude, but they aro not 
necessarily all differant, and some or all of them may have the 
value O. 


Again if B = KAM is any underanged vertically primitive matrix 
whatever which is vertically equivalent to A, and if y,,7,, ... 7, are 
the degrees of the Ist, 2nd, ... rth vertical rows of B, it follows from 
Theorem Il that the integers 7,, 7)... y, are always the same. We 


call them the vertical primitive degrees of A. They are r positive 
integers arranged in ascending order of magnitude, but they are not 
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necessarily all different, and some or all of them may ne the 
value O. 

The characteristic TN of these primitive degreeg are stated 
more precisely in the next two theorems. Р 


Theorem III. Ife, e.. є, are the horizontal primitive degrees 
oof the matris A = (ay arranged. in ascending order of magnitude, and 


if B = [oy is any undegenerate matrix horizontally eqatvalent to A, 


then В 18 an underanged horizontally primitive matriæ when ond only when 
the degrees of its successive horizontal rows ате €,, €g, ... €p. 


Theorem IV. If 7,, 74, ... 7, are the vertical primitive degrees of 
the matria A = Са) arranged 1n ascending. order of magnitude, and 


jf B= KAM із any undegenerate matriz vertically equivalent to A, then 
. B ús an wndevanged vertically primitive matrix when and only schen 
the degrees of its successire vertical rows ure Ts Nay w Nr 

We prove Theorem ПІ only, the proof of Theorem IV being 
similar. 

First suppose that B in Theorem ІП is an underanged horizontally 
primitive matrix. Then, as shown above, the degrees of its successiva 
horizontal rows are e,,€,,...¢€,. Next suppose that the degrees of 
the successive horizontal rows of B are ¢,,¢,,...€,. Then if Bis 
not an underanged horizontally primitive matrix, it follows from the 
definition of underanged primitivity that we can determine an unde- 
` ranged horizontally primitive matrix horizontally equivalent to B, and 
therefore horizontally equivalent to A, in which the degrees of the - 
successive horizontal rows are not all the same as e,, еҙ, ... e, , and by 
Theorem I this is impossible. Therefore B must be an underanged 
horizontally primitive matrix. 


Ex.i. In Theorem III the matrix B is horizontally primitive 


when and only when the degrees of its r horizontal rows are the 
integers в), €g, ... є, arranged in some order. 


Eg. ii. Let A = [ay be a given matrix whose horizontal rows are 


unconnected; let B = [^] be an undegenerate matrix horizontally 


equivalent to A; and let degrees of the r horizontal rows of A and B, 
arranged in each case in ascending, order of magnitude, be respec- 
tively в, €g, ... €, and e,', е,” ... e, Then А is horizontally primitive: 
when and only when all the inequalities. І 


e € > “” е. > є. ue €. > e Р а 
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are always true for all such matrices as B. Thus A is horizontally 
primitive if, when we compare it with all horizontally equivalent similar 
undegenerate matrices, each of the successive integers 6), еҙ, ... e, has 
its least possible value. 4 


Е» ій. ПА = Га» is a matrix of rank r whose vertical primitive 


degrees are 

* u equal to 7,, « equal to 7,, w equal to 7, ... . 
where Mis Mas Ma, .. are unequal positive integers aranged in 
ascending order of magnitude, and: where n + t + w+... =r: 
and if 


ПМ = р, ТЕГ ЗИЯ 12 г, 1%, Р LAM 22 Të, c 4... 1% 1, W, 


m 


are two underanged vertically primitive matrices vertically equivalent 
to A; then 


Blm OTs (ed 06), 


` ave pairs of mutually equivalent undegenerate matrices. This follows 
from the proof of Theorem II. 


н, V u,v, tb 


s[Bo 4] ^ ^" р, о]. 


Here all vertical rows in the successive pairs of matrices 
"opp 8 pt woop te 
[5], [b 1 P DIM [e s Н I, М li Ery 
have degrees | M1, Mas Mare 


Be. ic. The primitive degrees of an degenerate square matrix are 


all O's. 
m 
Let the matrix be A = [a let A be the conjugate reciprocal 
m 


of A, and let (ау; = A. Then we have 


Therefore ПІ is an underanged primitive matrix both horizontally 
: m ` 
and vertically equivalent to A. 
Ev. v. ТА = [a]. is а matriv whose horizontal rows are unconnected, 


then the vertical primitive degrees of A are all O's., 


For we can determine an wndeyenerate square matriz of order r which 
is vertically оран to А. This may be any ани square 
minor of A of order v 
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Ez. vi. The primitive degrees of a matrix whose elements are all 
constants are all O's; and if the horizontal rows of such a matrix are, 
unconnected, then the matrix is horizontally primitive. 


7. Domain of rationality of an equivalent primitive matriz, 
If A= Га” is any rational integral functional matrix lying zm a 


restricted .domain of rationality О, we can always determine pyimitive 
matrices lying in Q which are respectively horizontally and vertically 
equivalent to A, In particular if A is real, we can always determine 
real primitive matrices which are respectively horizontally and vertically 
equivalent to A. Since we can certainly form undegenerate horizontal 
and vertical minors of A which are respectively horizontally and 
vertically equivalent to A, and which necessarily lie in Q, it will be 
sufficient to prove these results for undegenerate matrices, t.e., to prove 
the following two theorems 


If A-[a]; i^ а matrig lying in Q whose horizontal rows are unconnected, 
we can determine an underanged horizontally primitive matriz lying in Q 
which ts horizontally equivalent to A, > 

If Aca], is а matris lying in Q whose vertical rows are unconnectcd, 


ше can determine an tunderanged ‘vertically primitive matria lying in Q 
which is vertically equivalent to А. 


We will prove the second theorem only, the proof of the first being 
similar. Я 
Let the r vertical primitive degrees of the matrix А=[а], be: 


D 


u equal to y, v equal to hg, w equal 7)... , 
where 7,, 7а» ns, ars unequal positive integers arranged in ascending 
order of magnitude, and where v+v+w+... - =r; and let 
5 r t, 7, 10,..- Ж 
B=[5] =[}, с, d, ... ji 


be any given underauged vertically primitive matrix vertically equi- 
valent to A. Also let E be the potent factor of A of order r so chosen 
ав to lie in О. If B does not lie in О, we-may suppose that it lies in a 
domain of rationality 07 formed from Q by the adjunction of q, where 4 
isa root of an irreducible equation in Q of finite degree s. 


We will first express ОМ in the form 


[J. S), +9 BIY tat A +... (1) 
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where there are s terms on the right, the matrix factor in each term 
lying in 0; and we will show that 


ВВ px a’) 

is a matrix of rank «u each of whose vertical rows is eonneeted with the 
е. 

vertical rows of (МЕ . By Art. 3 there exists a rational integral 


equation of the form 
EQ -[ [7], 


and when we use the expression (1) for [oy , express [ f Іг ina similar 


form, and equate the co-efficients of q on both sides, we obtain identities 
in the variables of the forms 


ЕТЕР = [а] [9], , BLS)" = [a], 191, , Е[87]* 


-[ ten? s. 

These show that all the vertical rows of the matrix (19), no oue of which 
has degree less than 7,, are connected with the vertical rows of A, t.e., 
with the vertical rows of B, and therefore with the vertical rows of [b]; ; 
It follows that the rank of the matrix: (1) cannot exceed н. Moreover 
its rank cannot be less than n, because UM ‘is a matrix of rank n whose 
. vertical rows are connected with its vertical rows. Consequently the 


matrix (17) has rank u. Now let [V]. be a matrix of rank n formed 
with и unconnected vertical rows of the matrix (1). Then ОИ and 


[V] are mutually equivalent, [oy lies in 0, and every one of its 


vertical rows must have degree 7,, for no vertical row which is not a 
row of O’s, can have degree less than 7,. 


We will next express GW in the form 


v t u v 
8° =E tel аи +o (8) 
where there are » terms on the right, the matrix factor in each term 


lying in 0; and we will show that 


(Ы, y, y, y, s 3 js V, V 0 .. (97 


m 


is а matrix of rank &--v each of whose vertical rows is connected with 


the vertical rows of fb, ol” "5 By Art. 8 there exists a rational integral 
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equation of the form е . 
U T t 

Biel =u} UY . 

and by reasoning similar to that used in the preceding step of the proof 

it follows that all the vertical rows of the matrix (27), но one of thich 


has degree greater than y,, are connected with the vertical rows “of А, 
i.e. with the vertical rows of B, and therefore with the vertical pws of 


[b, cj d From this it follows that the rank of the matrix (27) cannot 
exceed u+r. Moreover its rank cannot be less than u+r, because 
[b, c] 


with its vertical rows. Consequently the matrix (2 has rank ие, 


uU. . is . 
' is a matrix of rank u+r whose vertical rows are connected 
т 


Now let ГУ, «e " be any matrix of rank н Ьо formed with the first u 
vertical rows and 1 of the following vertical rows of the matrix (9). 
Then (0. d^ " and ТУ, ep ” are mutually equivalent. Moreover no 
vertical row of the latter matrix can have degree less than y, or greater 
than y,, and no vertical row which is unconnected with the vertical 
rows of ы)" , бө, with the vertical rows of [0]* , can have degree less 


u,v 


than »,. Consequently |У, c' in а matrix lying in Q in which the 
7» 9 y m g 


first u vertical rows have degree 7,, aud the next 9 vertical rows have 
degree 7,. 

Continuing in this way we finally obtain & matrix 
Hy ry ya 


B'e[w] -Q 6d. 1 


іт 

of rank r lying in Q which is vertically equivalent to B, i.e, to A, and 
in which the first u vertical rows have degree 7,, the next v vertical . 
rows have degree 7,, the next w vertical rows have degree 7,,... ,and 
by Theorem IV in Art. 6 this matrix В’ is an uuderanged vertically 
primitive mati ie whieh is vertically equivalent to A and lies in 0. 


Reply to Prof. Bryan's Criticism* 


T By 
% 


2 BvaxapAs MUKHOPADHYAY 


' І 


I am glad the subject of a brief note of mine, оп the stereoscopic l 
representation of a figure in four dimensions, (Bulletin C. M. S. Vol. 
IV, 1912-13, page 15) has interested Prof. Bryan. He gives ns another 

-method of representation. From the very imperfect explanations given 
by him, it is difficult to form a clear conception of his extra-ordinary 
pair of stereoscopic pictures. 1 hope he will impart to -us further 
details. i 


Apparently his method doos not aim at visualizing stereoscopically 
a four-dimensional figure in all its dimensions, at the same time, as 
my method does, but only at giving, successively, two three-dimensional 
aspects of a four-dimensional figure, differing in phase by 90°. If во 
his method does not go very far. 

I thought I lad described my method іп my note with sufficient 
clearness. “The pair of ‘stereoscopic pictures in my method are not two- 
dimensional, as i8 the case with Prof. Bryan's method, but three- 
dimensional, consisting of а pair of rectilineal figures in space, (cons- 
tructed of wire or thread), standing on an ordinary stereoscopic pair 
of plane rectilineal figures as bases. The simple experiment I have 
suggested illustrates the principles of my method. It gives a solution 
of the problem of four dimensions, by representing before our eyes four 
lines standing out mutually, at right angles, or, at any rate, a _ close 
approximation to such a solution. 


. The principles on which true vision ot four dimensions may be 
possible, stereoscopically or otherwise, have been already set fourth by 
Poincaré. Speaking of complete vision he says. (Science and Hypothesis, 
translated by W.J.G., pages 53,54). 


“Tt has, it is true, exactly three dimensions; which means that the 
elements of our visual sensations (those at least which concur in forming 
the concept of extension) will be completely defined if we know three of 





*This paper was communicated in two parts the first part, immediately after 
the frst communication of Prof. Bryan, and the second Put after his second 
communication 5% p. 1 of this Bulletin). 
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them ; às in mathematical language, they will be functions of three 
independent variables, But let us look at the matter a little closer. 
The third dimension is revealed to us in two different ways: by the effort 
of accommodation and by the convergence of the eyes. No donbt these 
two indications are always in harmony; there is between them 4 constant 
relation ; or, in mathematical language, the two variables which measure 
these two muscular sensations do not appear to us ав independent......... 
But that is, во to speak, an experimental fact. Nothing prevdnts us 
a priori from assuming the contrary, and if the contrary takes place, if 
these two muscular sensations both vary independently, we must take 
into account one more independent variable, and complete visual space 
will appear 16 us as a physical continuum of four dimensions.” 


In my method I may claim that the independent variation of the 


two muscular sensations would find ample scope, if we could ever, 


so educate ourselves as to acquire this power of independent variation. 
My method might be a help towards such an education. At any rate, 

‘it would place before our eyes a fairly approximate representation of 
four dimensional figures and be useful to us in the study of four-dimen- 
sional geometry. 


TI 


Professor Bryan after all seems to admit that my method is also a 
possible method of representing storeoscopically a four-dimensional 
figure, but he says that his method is superior to mine in as much 
as it depends only on the single principle of binocular vision, 
whereas mine requires the additional principle of. accomodation. 
A priori, it would seem evident that to produce from the two- 
dimensional picture on the retina a four-dimensional impression, two 
and not one independent physiological adaptations of tho eyes are 
indispensably necessary. І do not, however, see any good in further 
prolonging the controversy between us. Both of us have fairly stated 
our methods. It would lie with other mathematicians interested in the 
problems of four dimensions to accept or reject either. 


ғы 


REVIEW. 


Modern Analysis—2nd edition. By E. T. Whittaker and G. N. 
Watson. Рр. 560. Cambridge University Press, 1915. 


Те edition of Professor Whittaker's book differs so largely from 
the fiat" ene, nob only in the amount of information, but also i in the 
method gf treatment, that it can really claim to be a new book. ' 


There are two parts: the first part deals with the processes of 
Analysis, whilst the second treats of a number of transcendental 
‘functions. Eleven chapters have been assigned to each part, and the 
decimal system of paragraphing has been adopted. 2 


In Part I, the first chapter treats of complex numbers, as in the 
first edition. But here we have an addition giving usa glimpse of 
the arithmetic theory of numbers (as propounded by Dedékind), and 
complex numbers have; accordingly, been introduced as number-pairs 
(Grüssenpaare). 


Chapter IT treats ofthe theory of ‘convergence. The theorems on 
limits have ‘been developed in the light of the modern theory of 
numbers and additions have been made both as regards -these theorems 
and the tests of convergence. Thrée articles have been added on double 
series; giving the condition of its convergence, a statement of Professor 
Pringslieim'a theorem on its summation, anda property of absolutely 
convergent double seriés. 


The-old Chapter IV has been made Chapter III' in the present 
volume. It deals with continuous functions and uniform convergence. 
A number of very useful theorems on real functions and their continuity 
have been added to'this Chapter. i 


In Chapter IV. of, this volume, which isan addition, we find the 
theory of Riemann integration written by Mr. Watson. This interesting 
chapter also contains an account ‘of infinite integrals together with an 
article on double and repeated integrals. But ‘while it awakens the 
interest of the reader, it does not satisfy him, as it олдан only brief 
sketches. i . 


Тһе аңық of the old Chapter ПІ finds a shes in Chapter'V of the 
new book. This contains an account of the fundamental properties 
of Analytic Functions, and has been left untouched except in one or 
two places. So far as this chapter goes, the treatment is excellent. 


Chapter VI is the old Chapter V and deals with the Theory of 
' Residues. Whereas in the previous edition the application of the 
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theorem of residues was illustrated by the solution of definite examples, 
in the new edition specific rules have been given to deal with types 
of particular integrals. It is curious that amongst the books of 
reference at the end of the chapter, there is not a single English book, 
especially when we have а good treatment of the subject. in Cambridge 
University Tract No. 15 by the joint author, Mr. Watson. “ 


Chapter VII, which treats of the expansion of functions ір infinite 
series; is, save the addition of Weierstrasa’s factor-theorem and Borál's 
integral, materially the same as old Chapter VI, 


Chapter VIII deals with asymptotic expansions and summable 
series and contains the matter of old Chapter VIII, together with a 
few methods of summation of non-convergent series, viz., those of | 
Borél, Euler and Cesaro. 


In Chapter IX (corresponding to old Chapter VII) which deals 
with Fourier's series there are many .changes: the whole method of 
treatment has been recast and а glimpse. of the vast subject:is held 
out before us. Thus the anthors have given Féjer’s theorem, the 
theorem of Hurwitz-Liapounoff and Riemann’s theorem on trigono- 
metrical series. However, it is to be regretted that attention has 
not been drawn to tho historically important fact of the existence of 
continuous functions whose Fourier series do not converge. This 
could have been easily done by the mention of the famous example of 
Prof. Schwarz,* or the example recently given by Prof. Féjer.4] 


The last two chapters deal respectively with the theory of linear 
Differential equations and Integral equations, the author of the latter 
chapter being Mr. Watson. Differential equations having two or three 
singularities have only been treated in Chapter X ; while an account 
of the equations of Fredholm and Volterra, in their simplest forms, 
has been given in Chapter XI. These are quite new chapters and are 
valuable introductions to two useful branches of higher analysis. 

Those who wish to study the theory of functions, can have a good 
introduction to the higher treatises on the subject, if RE go through 
the first nine chapters of this volume. 

Part II begins with Chapter XII, which deals with the Gamma 
Funetion. With the exception of two or three theorems, the treatment 
is materially the same as in the previous edition. 





* See Hobson's, The theory of Functions of a real- variable and the theory of 
Fourier's Series, Art. 485. In this connection, it may be mentioned that the name 
of such a famous man as Professor Schwarz is wrongly spelt ав Schwartz on p. 181. 

“Өсе Rendwonts 4. Circolo Matematico di Palermo, 1909, 
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"The next chapter, which is an addition by Mr. Watson, tregts of the 
Zeta-function of Riemann. Chapter XIV is on the Hypergeometric 
Function and does not materially differ from Ohapter XI. of the 
previous edition. É 


Chapters XV and XVII, deal respectively with Legendre and 
Rowe Funotions and are, except in one or two places, baie the 
game às in the previous edition. 


othptor XVI, dealing with the Confluent аларына Funotion, 

is an addition. The reader finds Kummer's two formule, together 

with an account of the Whittakerian function in this chapter. The 

- parabolic cylinder functions also find a mention here. But, in this 

connection, the investigation of Prof. Whittaker does not receive more 
then a passing reference to the original paper. 


Chapter XVIII, ‘corresponding to the old Chapter XIII, has been 
completely remodelled. This treats of the equations of Mathematical 
Physics, and gives the solutions of Laplace’s and allied equations in the 
-forms first given by Prof. Whittaker in Mathematische Annalen, 
“Vol. 57, about fourteen years ago. It is a little disappointing to find 
` that neither Prof. Whittaker nor Dr. Bateman has been able to apply 
Prof. Whittaker's solution to certain famous boundary-value problems, 
e.g., the problem of wave-propagation im a region bounded by a 
single ellipsoid of three unequal axes, or a region bounded by two 
non-concentric spheres. ^ 


Chapter XIX contains new matter, and gives the solution of 
Mathieu's general equation by various methods, including those of 
Hill, Floquet, Lindemann-and Stieltjes. Prof. Whittaker has also given 
the results of his own investigations on the subject of this Chapter. 


-Chapter XX deals with the Weierstrassian elliptic functions and 
contains the matter of Chapters XIV and XVI of the first edition. It 
may be noted that the treatment is more lucid than іп any other 
English book on the subject; nevertheless amongst the books of 
reference, one misses the comprehensive treatise on the subject by 
Dr. Hancock which has also the advantage of being in English. 


Chapter XXI, treating of the thetü-functions, is an addition. This 
gives some of the properties of Jacobi's theta-function, the method of 
inversion and, at the end of the Chapter, in smaller type, a sketch of 
the vast subject of modular functions which owes its development 
chiefly to Prof. Felix Klein. 


The last Chapter is on the Jacobian elliptic functions and is not 
materially the same as im the previous edition, while at the end of the 
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book, ‘af usefál aped dealing "with tlie е віркізшійгу ‘transcendental 


functions, has-been added. 
Although the present, ‘edition ' ig a little disappointing i in deu. 


l respects, it is ‘bound to prove very useful to those Indian students who 


„intend to.go in for research work. The style is fascinating and lucid, 
the authors’ “deduce their theorems almost from the first principles and, 
&bove- ali, they ` have pe a judicions arrangement of the үзгісі 
matter. А 4 
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